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RECURRENCE TIMES AND LARGE DEVIATIONS

YONG MOO CHUNG

ABSTRACT. We give a criterion to determine the large deviation rate functions
for abstract dynamical systems on towers. As an application of this criterion
we show the level 2 large deviation principle for some class of smooth interval

maps with nonuniform hyperbolicity.

1. INTRODUCTION

Let I be a compact metric space with a finite Borel measure m as a reference
measure. Unless otherwise stated, m will be normalized Lebegue measure if I is
a manifold. We denote by .#Z the space of the Borel probability measures on I
equipped with the weak™ topology. For a nonsingular transformation f : I — I,
not necessary invariant for m, we say that it satisfies the (level 2) large deviation
principle if there is an upper semicontinuous function q : # — [—00, 0], called the
rate function, satisfying

1
liminf —logm ({x € T : 6} € 4}) > sup q(p)
n—oo n nEY

for each open set 4 C .#, and

lim sup 1 logm({zxel:o) €€} < ma%(q(u)
n

n—o00 ne
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for each closed set € C ., respectively, where

n—1

1
== Opia) €M
P L fita) €

denotes the empirical distribution along the orbit of f through = € I. We refer
to Ellis’ book [9] for a general theory of large deviations and its background in
statistical mechanics.

It is well-known that for a uniformly or partially hyperbolic dynamical system
on a manifold with a specification property it satisfies the large deviation principle
and the rate function is represented as the difference between the metric entropy
and the sum of positive Lyapunov exponents [18, 27]. A similar result as above is
also known for piecewise expanding maps, and then the rate function ¢ coincides

with the free energy function F' given by

h - /1 "ldw,  for My,
O LR LR

—00 otherwise,

where .#; denotes the set of f-invariant Borel probability measures, and h,(f) the
metric entropy of u € 4 for f [24]. The results above on the large deviation
principle include Ruelle’s inequality, Pesin’s and Rohlin’s formulas for entropy [12,
19, 22].

Some of the large deviations estimates are also known for nonuniformly hyper-
bolic dynamical systems. Keller and Nowicki [13] gave a large deviations theorem
for a nonrenormalizable unimodal map f : I — I satisfying the Collet-Eckmann
condition that: for any continuous function ¢ of bounded variation with positive
variance

(1) a(e) = lim ~logm <{x el: \%Snga(:r) - /wduo| > s}> <0

n—oo N

exists for small € > 0, where

Snp(@) = p(x) + (f (@) + -+ o(f" 7 (2)),

and po denotes the absolutely continuous invariant probability measure. A result
correponding to that of Keller and Nowicki above was obtained by Aratjo and
Pacifico [1] in more general setting of nonuniformly hyperbolic dynamical systems.
Melbourne and Nicol [16] gave an induced scheme approach for estimates on the
rate functions in dynamical systems modelled by Young towers [29, 30] with sum-
mable decay of correlations. All of the results above for nonuniformly hyperbolic

dynamical systems are obtained under the assumption of the existence of absolutely
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continuous invariant probability measures. But the case that the absolutely con-
tinuous invariant probability measures do not exist has not been considered. Also,
it is unknown yet neither the criteria to satisfy the large deviation principle nor the
expressions of the rate functions for nonuniformly hyperbolic dynamical systems.

The purpose of this paper is to consider the large deviation principle for dy-
namical systems from the view point of recurrence times. We offer a little different
description of a tower from those already known to consider a kind of specification
property for large deviations estimates. The topology on a tower in this paper is
slightly coarser than but almost same as that Young [29, 30] introduced, and in
which we give a sufficient condition on the shape of a tower to have a property that
any orbit not recurrent to the base for arbitrarily long time can be approximated
by another one recurrent quickly on a tower. Then a criterion is obtained to en-
sure the large deviation rate functions for abstract dynamical systems. We show
that if a tower satisfies the nonsteep condition mentioned in the next section, then
the rate function is explicitly represented by a quantity concerning the difference
between the metric entropy and the Jacobian function. The notion of nonsteep-
ness is independent of the decay rate of the tail. In fact, it is possible to have the
large deviation rate function for an abstract dynamical system with no absolutely
continuous invariant probability measures. On the other hand, there is a tower on
which we cannot determine the rate function for a dynamical system although the
decay of the tail is exponentially fast. Some of those examples are provided in the
third section. Combining the argument on large deviations for abstract dynamical
systems with a theory for hyperbolic measures [6, 10, 11] we establish the large
deviation principle for some class of smooth interval maps with nonuniform hyper-
bolicity. It is shown the rate function coincides with the upper regularization of the
free energy function. The class of maps for which we can apply the estimates in
this paper contains both of Manneville-Pomeau maps [20, 21] and Collet-Eckmann
unimodal maps [3, 4, 8, 13, 17, 28]. The author thinks that our result is applicable
to a large class of smooth dynamical systems modelled by towers such as considered
in [5]. He also thinks that a theory of multifractal analysis is developed from the
large deviations estimates of this paper. It will be treated in the forthcoming paper
[7].

Acknowledgements. The author would like to thank to Professor Y. Takahashi
for the suggestion on large deviations problem. He also thanks to Professors T.
Morita, M. Tsujii, M. Denker and H. Bruin for valuable comments and encourage-
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2. RESULTS

Let (X,%,m) be a finite measure space and consider a decreasing sequence
{Xk}32, of subsets of Xy = X with positive measures. Assume that for each
integer k > 0 there is a finite measurable partition .#; of X}, satisfying the following
properties:

(1) each J € .#; has positive measure;

(2) if J € # intersects with Xy then J C Xg41;
(3) for any K € Fy11 there is J € # such that K C J.

Then we call the pair (Z, <) which consists of the space
Z = X x{k}c X xZ*t
and its countable partition
o ={Jx{k}:Je€ I k=0,1,2,...}

a tower. A natural o-finite measure my on the tower Z is defined by mz(4) =
Yopeom(Ag) for A = U (Ap x {k} C Z with Ay, € B (k = 0,1,2,...). Tt is
obvious that the measure my is finite iff > p-  m(Xy) < oo. For a tower (Z, &)

put 7 := U2, P, where
-@k} = {Je,ﬂk_lJﬂsz(ZJ} (k:1;27)

We assume that a bi-nonsingular bijection g : J — X can be taken for each J € 2.
Then we call T : Z — Z,

z,k+1) forz e Xpq,
Tk = Y b+
(9s(2),0) for z € J € Djyn,

a tower map on (Z, /) induced by ¢4 := {g; : J — X : J € Z}. Remark that
J x {0} C Z is injectively mapped onto Xy x {0} by T* if J € Z),. We denote by
k(J) the integer k > 1 such that J € @y, i.e., T*/)(J x {0}) = X x {0}.

In this paper we assume that a tower map T' : Z — Z satisfies both of the

admissibility and the bounded distortion conditions as below.

The admissibility condition. For any sequence {.J,}52, C Z there is a unique
point z € Jy x {0} such that T*o)++k(Jn-1) 5 ¢ J x {0} holds for all n > 1.

It follows from the admissibility condition that for any integer [ > 1 the restriction
of T to the set N2 T~ ™ (Uaecy A) is isomorphic to the full shift of §.%-symbols
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if ¢ is nonempty, where

H={AeVI T A= T (J; x {0}),
1<n<l, Jo,Ji, . s Jn1 € 2,
k(Jo) + k(1) + - 4+ k(Ju_1) =1, lo=0,
Li=k(Jo) 4+ +k(Jic1) (i=1,....,n—1)},

and B denotes the number of elements of a set B.

The bounded distortion condition. There are a version Jac(T) > 0 of the

Radon-Nikodym derivative d;"ﬂizT, a constant Dy > 1 and a sequence {e;}7°

of positive numbers with limy_ .., e = 0 such that for any integer n > 1 and
Ac Vi T e,

Jac(D)z) _ oo iy Jac(T)(T"(2)
oMy = ey () <
hold whenever z,w € A, where [ = {1 < j <n:T7(A) C Xo x {0}}.

We remark that Jac(T)(z, k) = 1 holds if x ¢ J for all J € 2. From the bounded

distortion condition it follows that

Ly mz(A) [T, Jac(T)(T(2))
Dyt < mZO(T"A) < Dt

holds for any A € V- T "</ and z € A.

We take

F = {¢ :Z — R :a bounded function such that lim var,(¢) = 0}

n—oo

as a class of observable functions on Z, where
var,, (¥) = sup{|1(z) — (w)| : z,w € A for some A € VI T "o/}

for a function ¥ : Z — R and n > 1. Notice that for any v € % we have

lim,,_, var; (Sp¥)/n = 0, where

n—1

Suth(2) ==Y (T'(2))

=0
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for each integer n > 1. In fact, for any € > 0 taking N > 1 so that vary () < e/2
we have

n—N-—1 n—1
=0

s ) (T (=) — (T )]
i=n—N

< (n— N —1)vary(¢)) + Nvary ()
<ne/2+4+ne/2 =ne

whenever z,w € A for some A € \/;ZolT ~ie/ and n > 1 is large enough.

To give large deviations estimates for a tower map we define the following notion
on the shape of a tower. We say that a tower (Z, o) is nonsteep, or it satisfies the
nonsteep condition, if there are sequences {lx}7>, C N with limy_,o lx/k = 0 and
{12, € (0,1) with limy_,o (logvx)/k = 0 such that

m(J\ Xgi,) > vem(J)

holds for all £ > 0 and J € .#;. We always assume that the sequences above are
monotone, i.e., {l}32, is nondecreasing and {vx};2, nonincreasing respectively
without loss of generality. Moreover, we say that (Z,47) has bounded slope if the
sequences {lx}22, and {7}, above can be taken as constants respectively. It
is obvious that if the tower has bounded slope, then the tail decays exponentially
fast, i.e., limsup,_, ., (logm(Xy))/k < 0, and then on which a tower map has the
exponential decay of correlation for a function ¢ € . such that var, (1)) converges
to zero sufficiently fast [29].

The main result of this paper is the following;:

Theorem 1. Let (Z, /) be a nonsteep tower and T : Z — Z a tower map satisfying
both of the admissibility and the bounded distortion conditions. Then for any i € F

there exists an upper semicontinuous concave function gy : R — [—00,0] satisfying

lim inf l1ogm({x € X: %Snw(ac,O) > a}) > sup gy (t)

n—oo N t>a
and

limsupl logm<{x €X: %Snz/)(x,O) > a}) < Ig1>a;<q¢(t)

n—oo M

for all a € R. Moreover, the function g above can be represented by
qy(t) = lirél+ sup{h,,(T) - /log Jac(T)dv : v € Mr
E—
with v(Up—' Xi, x {k}) = 1 for some K > 1

such that |/1/)d1/ —tl < z—:}
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where M7 denotes the set of all T-invariant probability measures on Z and h,(T')

the metric entropy of v € M1 for T.

The theorem above is applicable to large deviations problems for nonuniformly
hyperbolic dynamical systems. In fact, we obtain a criterion to satisfy the large
deviation principle for smooth interval maps modelled by tower dynamical systems.

Let I be a compact interval of the real line and m denotes Lebesgue measure on I
as a reference measure. We say that a map f : I — I is topologically mizing if for any
nontrivial interval L C I there is an integer K > 1such that fXL =1T.Let f: I — I
be a C? map of topologically mixing and assume that there are a closed subinterval
J of I, a return time function R : J — N U {cc}, i.e. fE®)(z) € J whenever
R(x) < oo, constants A > 1, D > 1, sequences {e;}32, of positive numbers with
limg oo er = 0, {lk}32, C N with limy_,o lx/k = 0 and {vx}72, C (0,1) with
limg_, o (log vx ) /k = 0 satisfying the following properties:

(1) if k > 1 and V is a connected component of {x € J: R(x) = k}, then

ffv=J and |(fY(@)| >\ (zeV);
(2) ifn=ko+---+k >1and U, is a connected component of

{z € J:R(x) = ko, R(f*(x)) = ky,..., R(frotFh-2(z)) = k_,
and R(frotTr-1(g)) > K},

then m(f(Uy,)) <ep—j; forall 0 <j <n-—1.
(3) fn=ko+ -+ k >1andV, is a connected component of

{z € J:R(x) = ko, R(f*(x)) = ki,..., R(frotThi-1(2)) = ki },

then

L 0] N V0 U [

[(fF) ()] — () ()]~
hold whenever y, z € V,;
(4) if k> 1 and U is a connected component of {z € J: R(x) > k}, then

m{{zxeU: R(x) <k+1}) > vem(U).

We remark that the function R does not necessarily correspond to a first return
time on J.

We say that p € #; is hyperbolic if the Lyapunov exponent
A(z) := limsup,,_, ., (log |(f™) (z)])/n is positive for p-almost every = € I. It follows
from the assumptions for the map f that hyperbolic measures are dense in .#}.

If 4 € Ay is ergodic then the Lyapunov exponents coincide with the constant
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Au(f) = / log|f'|dp p-almost everywhere. A theory for hyperbolic measures
[6, 10, 11] asserts the following:

Proposition 2. Let 1 € 4y be ergodic and hyperbolic. Then, for any continuous
function ¢ : I — R and € > 0 there are integers k,1 > 1 with (logl)/k > h,(f) —¢
and pairwise disjoint compact intervals Ly, Lo, ..., Ly with L C I such that L; C
L, f*(L;) = L and L; is injectively mapped to L by f* for each i = 1,2,...,1.

Moreover,

1 e 1

12 log[(F) (@) = Au(f)l <€ and  [2-Spp(z) — [ pdul <e
hold whenever x € LIL_, L;.

Now we define the free energy function F : #4 — RU {—oo} by

F hu(f) — /log |f'|dp  for p € Ay hyperbolic,
1) =
—00 otherwise.

Then combining Proposition 2 with Theorem 1 we obtain the following;:

Theorem 3 (The large deviation principle). Let f : I — I be a map satisfying
the assumptions above. Then f satisfies the large deviation principle, and the rate

function q coincides with the upper reqularization of F, i.e.,
q(p) = inf{Q(¥) : 4 is a neighborhood of p in A}

where

QY) :=sup{F(v): v € ¥}.
Corollary 4 (The Ruelle inequality [22]). For any p € 4y, F(u) <0 holds.

It should be noticed that we need the upper regularization for F' to get the rate
function without assuming uniform hyperbolicity of the map f, because the free
energy function itself may not be upper semiconitinuous for a smooth interval map
modelled by a tower dynamical system, see [4].

If f: I — I is a nonrenormalizable Collet-Eckmann unimodal map f : I — I,
then a subinterval J can be taken with a return time function R satisfying the
assumptions above so that the sequences {l;}7, and {y;}7°, are constants re-
spectively [29], see also [2]. Then the tower induced from the suspension by the
return time function has bounded slope, and then the tail decays exponentially fast.
It is known that the map f has an absolutely continuous invariant probability mea-

sure po and the correlation decays exponentially fast for any continuous function
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of bounded variation [13, 17, 28]. It is also known that all of the invariant Borel
probability measures are hyperbolic for Collet-Eckmann unimodal maps [4, 17].
Let f: 1 — I be as in Theorem 3 and ¢ : I — R a continuous function. Here ¢
is not assumed to be of bounded variation. Put
oo = it S Suple) = iy [ o
and

1
dy, = suplimsup —S,p(z) = max d,
@ 1= suplimsup e(x) Juax [ @dp

respectively. Then the function F, : R — [—00,0] defined by

Fy(t) := sup {F(u) : /sodu = t}

is bounded and concave on the interval [c,,d,]. Thus it follows immediately from
the theorem that:

Corollary 5 (The contraction principle).
1 1
i - : < — < =
nh_)ngo - logm({x €l:a< nSncp(x) < b}) Jnax, F,(t)

holds for any a,b € R whenever a # d, and b # c,.

As a consequence we obtain

a(€)=sup{F(u) : I/wdu—/wduo\ 26}

for «v in the large deviations theorem (1) for Collet-Eckmann unimodal maps. The
above formula includes the large deviations theorem because F'(1) = 0 holds if and
only if u is an absolutely continuous invariant probability measure, i.e., u = pg [15].

Another consequence of Theorem 3 follows from a general theory on large devi-

ations in dynamical systems [24, 25]. It is the following:

Corollary 6 (The variational principle of Gibbs type). The limit

1

P(p) := lim flog/exp Spdm
n—oo n

exists for any continuous function ¢ : I — R. Moreover, the function P : C(I) —

R, the pressure with respect to m, coincides with the Legendre transform of —gq,

i.e.,

P(p) = max {Q(ﬂ)+/<ﬂdﬂ} forall ¢ € C(I),

HEM
and

() = min {P(cp) —/godu} forall pe s,

peC(I)
where C(I) denotes the space of the continuous functions on I.
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3. EXAMPLES OF TOWERS

In this section we give some of examples of towers. Throughout this section
let X := (0,1] and the measure m on X is Lebesgue measure. For a sequence
{ap}2y with ap =1 > a1 > -+ > ap > --- > 0 setting Xy := (0,ax] and
I = {Xkt1, Xk \ Xi41} we obtain a tower (Z,47) as in the previous section.

For integers k with axy1 < ar we define a linear bijection gr = gx,\x,,, :
Xp\ Xgr1 — X by

gr(z) = el
A — Q41
Then a tower map T : Z — Z is also defined by

(x,k+1) ifxe Xpiq,
(gr(2),0) ifz e Xp\ Xpyq.

T(x, k) :=

It has no distortion, that is, D7 = 1 holds in the bounded distortion condition.

Remark 1. The tower map T defined as above gives a model for the countable
piecewise linear map f : [0,1] — [0,1] with intermittency introduced originally by
Takahashi [23]:

(x—B1)/(Bo — B1)  for x € (B, Bol,
f@) = (x = Brs1) + Be  for x € (Brg1, Bl with k> 1,
0 for x =0,

where {3, }72 is a decreasing sequence of positive numbers with fo =1 and A :=
(Bk—1 — Br)/(Br — Br+1) for each integer k > 1.

Remark 2. By taking another family of functions ¢ = {gr : axy1 < ax} it
also gives a model on a tower obtained from a sequence {ay};, as above for a
Manneville-Pomeau map, f(z) = x + 2 (mod1) where 0 < s < 1, on the interval
[0,1]. The sequence {ax}3>, corresponds to the preimages of the discontinuity point
of the map. An estimate on the upper bound is known for large deviations of this
map [20]. Both of the lower and the upper bounds for large deviations are obtained

from the result of this paper.

The stochastic properties of the tower map T : Z — Z are completely deter-
mined by the sequence {aj}2,. It is well-known that the absolutely continuous
invariant probability measure exists for the map T if and only if the sequence is
summable, i.e., ZZO:O ap < oo. It is also known that the central limit theorem holds
if ZZ’;n ar < Cn~% (n > 1) for some constants C' > 1 and « > 1. Moreover, if the

sequence decays to zero exponentially fast, i.e., limsup,,_, (loga,)/n < 0, then so
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does the correlation function [29]. However, the large deviations estimates as in
Theorem 1 do not follow from any conditions mentioned above. For example, the
sequence {ax}, given by ar = exp{—8*1} (8" < k < 81,1 > 0) decays to zero
exponentially fast, but the map 7' does not have a rate function g, as in Theorem
1 for a locally constant function given by (z,k) :=1 (8 <k < 2-8,1>0);=

0 (otherwise). In fact, since

1 7
{a: e X: gsgzw(x,()) > 16} =0

for any integer [ > 1, we have
| 1 7
liminf —logm ( Sz € X : =S,¥(x,0) > — = —00.
n—oo n n 16

On the other hand, since

1
{l‘ cX: msg.glw(x,o) 2

we have

1 1
lim sup — logm ({w € X : Spp(x,0) > 2}) > —4.

n—oo T
Thus, we cannot take a function ¢, to satisfy both of the lower and the upper
estimates as in Theorem 1. The tower (Z, ¢/) obtained from the sequence {ax}32,
as above is nonsteep if and only if

A — At
ag

. 1
Jm - log =0

holds for some sequence {lk},é";o of positive integers such that limg_,o lx/k = 0.
Then the rate function ¢y is given as in Theorem 1 for any ¢ € #. It is given
a typical example of the sequence {a;}%2, for which the tower is nonsteep by
ar = (1 —p)* (k> 0) with 0 < p < 1. Then for a function defined by ¥(x, k) :=
1 (k=0);=0 (k> 1) the rate function ¢, satisfies

H(t,1—t|p,1—p) for 0<t<1,

ay(t) =
—00 otherwise,

where H(t,1 — t|p, 1 — p) denotes the relative entropy, i.e.,
H(t,1—t|p,1—p) :=—tlogt— (1 —t)log(l —t) + tlogp + (1 —t)log(1 — p).

This is a classical result on large deviations obtained by Khinchin [14]. The tower
obtained from this sequence is not only nonsteep but also having bounded slope.
In general, the tower obtained from the sequence {ay}7° ;, has bounded slope if and

only if
Qp — Qf+1

>c¢ (k=0,1,2,..))
ag
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holds for some I € N and ¢ > 0. Another example satisfying the nonsteep condition
is given by ar = 1/k (k > 1). Then the sequence {ax};2, is not summable and
hence the map T : Z — Z has no absolutely continuous invariant probability mea-
sures, nevertheless the large deviations estimates hold by Theorem 1. It should be
noticed that the nonsteep condition is not necessary for the large deviations esti-
mates. In fact, the same estimates as in Theorem 1 still hold for the tower obtained
from the sequence {a;}$2, given by aj = exp{—82(*D} (8 < k < 8+ m > 0),
although the tower fails the nonsteep condition. It can be checked that the large
deviations estimates as in Theorem 1 valid without the nonsteep condition if the
sequence decays super exponentially fast, i.e.,

lim 1 logap, = —o0

k—oo k

holds, in general.

4. PROOF OF THEOREM 1

Let (Z, o/) be a nonsteep tower, and T : Z — Z a tower map satisfying both of
the admissibility and the bounded distortion conditions. We fix ¥ € % and a € R.

Then the proof of Theorem 1 is devided into two estimates below:

(1) (The lower estimate)

1iminfl logm({x e X: % w(xz,0) > a}) > igg gy (t);

n—oo 1

(2) (The upper estimate)

1 1
3 3 — M > <
lim sup - logm({x eX - n(z,0) > a}) < Tﬁf%(ﬂ

n—oo

where

qy(t) = Elim+ sup{h (T) - /log Jac(T)dv : v € Mr
with v(Up i X x {k}) =1 for some K > 1
such that |/z/1d1/ -t < 5}.

The lower estimate. It is enough to show that for any v € .#r with V(I_IkKZ_Ole X
{k}) =1 and &,n > 0 the inequality

(2) m({xGX |fS Y(x /1/1du| <5

> exp {n(hV(T) - /log Jac(T)dv — 77)}
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holds for any sufficiently large integer n > 1. To prove the inequality above, first

we assume that v is ergodic. Let
Ay = HIx{k}: Je A} C A,
Then it is obvious that V(I_lAevz:OlT,idKA) = 1 since v € .47 . Also, since 1) € .F
\5n¢(2) - Snw(w)‘ < n5/8
holds whenever z,w € A for some A € \/?;OlT*iMK and n > 1 is large. Let

B, = {A eV T et - v(A) < exp{—n(h,(T) — n/8)},

13" log Jac(T)(T* (wa)) — n / log Jac(T)dv| < nn/8
=0

and |Sp(za) — n/wdv| < ne/8 for some z4,wa € A}

for each integer n > 1. By the Birkhoff ergodic theorem and the Shannon-McMillan-
Breimann theorem v(Ugecg, A) > 1/2 holds, and hence the number of elements in

n(h, (T)

A, is not smaller than e —n/8) /2 for large n > 1. Then we can choose integers

k and [ with 0 < k,l < K — 1 so that the set
By ={A€ By : AC Xy x {k}, T"™A = X, x {0}}

contains at least e (T)=1/4) (< en(h(T)=n/8) /(2K?)) elements. For large n > 1
and A € 4,

n—1
mz(A) > Dy~ mz (T A) [ Jac(T) (T (wa)) ™
=0

> D' min my(B)exp {—n (/ log Jac(T)dv + n/S)}

Bedk

> exp {—n ( / log Jac(T)dv + n/4) }

holds. Then we have

Z mZ(A) > ﬁ%n,k,l ' Aeﬁglain mz(A)

AE B 1ol okl
> exp {n(hy(T) - /log Jac(T)dv — 77/2> }

Take A* € \/?jokflT_i,QfK such that TFA* = A for each A € B k- Then it is
obvious that A* C Xo x {0} and T"t*+ A* = X, x {0}. Let

'%:LJCJ = {A* A€ %n,k,l}
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Then since mz(A*) = mz(A) for each A € %, 1, we have

S omA) = Y ma(A),

A*ERBY 14 AEBn k1

Moreover, for any A € %, 1, and z € A there is 2* € A* such that T*(z*) = 2,
and then

|&m@ﬂ—n/wW|

<[Snp(27) = St (2)| + [Snt(2) — Sntp(za)| + [Sntp(za) — n/wdl/l

< 2K sup |Yp(w)| +ne/8 4+ ne/8 < ne/2.
weZ

As a consequence we obtain
m({x €X: |%Snw(x,0) - /wdm < 5/2})
::ngg*exbxgn;wMMf)fn/@@wgrwm})
> Y w4y = Y ma(a)

A €S, AESB ki
> exp {n(hu(T) - /logJaC(T)dV - 77/2) }

The inequality (2) is proved for the case v is ergodic. For v € .#p not ergodic
take a linear combination v/ = ay1q + -+ - + apu, of ergodic T-invariant probality

measures v, ..., V, supported on I_Ifz_ole x {k} such that

WMWWMNSW&I/mhwW%/®MMHM§W8

|/wdu—/z/)du’| <e/a

For large n > 1 and ¢ = 1,...,p put ng := [ne,| where [-] denotes the Gauss’

and

symbol. Applying the above argument for v, we can take integers kq,l, with
ng+kg—1

0 < kg,lg < K —1and %(q) C V;2% T~ 'o/x which consists of at least
exp{nag(h,, (T) —n/4)} elements A such that:

(1) AC Xox {0} and TmathatlaAd = X, x {0};

(2) mz(A) > exp {—naq (/ log Jac(T)dv, + 77/8) } ;

(3) [Sn,¥(2) — nq/¢duq| < nge/2 holds whenever z € A.
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Then for any z € A with A € &} (q) we have

—_1mz(Xo x {0})
mz(A)

> Dy 'm(Xo) exp {—nq ( / log Jac(T)dv, + 77/8) }
> exp {—naq ( / log Jac(T)dv, + n/4> }

where 74(n) = ng + kq + 4. Let

I[ Jac(?)(1'(2)) = Dr

=0

By ={B= ﬂgle_Sq—l(")Bq B, e B (q) forallg=1,...,p}

where so(n) =0 and sq(n) =ri(n)+---+rq(n) for ¢ =1,...,p. Then the number
of elements of 2% is not smaller than e™"(T)=1/4) For each B € % take B, €
PBi(q) for ¢ = 1,...,p with B = ﬁZZlT_SQ*l(”)Bq and z € B. Then we have
Tsa-1(")(z) € B, for each ¢ = 1,...,p, and hence

Sq(n)—1

mz(B) > Dp'mz(Xo x {0}) H Jac(T)(T'(2))

p rg(n)—1

=Di'm(Xo) [ JI Jac(m)(T! (T ™ (2)))

qg=1 =0

> D3tm(Xo) exp {—n Zp: ay (/ log Jac(T)dv, + n/4) }

oo st )

Therefore,

> exp {n (h,, (T) — / log Jac(T)dv/ — 377/4> }
> exp {n (hu(T) _ / log Jac(T)dv — 77/4> } .
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Moreover, for any z € B with B € £

n?’

S0~ [ wiv] < 18,6~ [ |+ [ v/~ [ i

< (180, 002) =y [ ]+ 200y + 73) sup ()

=1

+n) / Pdv' — / Pdvy|

P

Q

<Y (nge/2+4 4K sup [Pp(w)|) + ne/4 < ne.
weZ

Q
—

From the estimates above we conclude

m({x eX: \%Snw(x,O) - /wdz/| < 5})
= mz({z € Xo x {0} : [Sp(2) —n/z/)du\ < ns})
> Y mz(B)

Be#r

> exp {n(h,,(T) —n (/ log Jac(T)dv — n) } .

The inequality (2) is obtained for v € .#7 even if it is not ergodic. It finishes the

proof of the lower estimate.

Remark 3. The nonsteep condition is not needed for the lower estimate in the

above proof.

The upper estimate. To obtain the upper estimate we need a variational principle
for dynamical systems of bounded distortion as below. Let (Y, %, m) be a finite
measure space and Yi,...,Y; € A pairwise disjoint subsets of Y with positive
measures. We consider a measurable map ¢ : I_Ié-zle — Y satisfying the following
properties:
(1) for each j =1,...,1, g :=gly, : Y; — Y is a bi-nonsingular bijection;
(2) for any sequence {a;}52, with a; € {1,...,l} (j = 0,1,2,...) the set
NozoYao...an_1 =Y, Ng Y, N
N gf(nfl)yan,l;
(3) there are a version Jac(g) > 0 of the Radon-Nikodym derivative

consists of a single point, where Y,,...q, ,

dmog
dm

with lim sup sup |logJac(g)(z) — logJac(g)(y)] = 0 and a distortion
=0 JeW, z,y€Yy

constant C' > 1 such that for any integer n > 1 and J € W,

[T/, Jac(9)(g'(z))
[1:7 Jac(g)(g'(y))

<C



RECURRENCE TIMES AND LARGE DEVIATIONS 147

holds whenever z,y € Y;, where W,, stands for the set of the words J =
(ag-+-an—1) of length n with a; € {1,2,...,1} for each i =0,1,...,n — 1.
Then we call g : A — A a finite Markov system induced by (Y,{Y;}._,,g), where
A= 0p2ogM(U,
of the probability measures supported on A is compact. The following lemma is

Y;). It is isomorphic to a full shift of [-symbols, and the space

obtained from a standard argument on the variatinal principle for pressure [26].

Lemma 7. A finite Markov system g : A — A induced by (Y,{Y;}._1,g) with a

distortion constant C > 1 has an invariant probability measure p on A such that

j=19

l

hu(g) — /log Jac(g)dp > log Zm —logm(Y) —log C.
p=1

Proof of Lemma 7. For each J = (ag...an—1) € Wy andp=1,...,1 let Yy, :=
Y;Ng™"Y,. Then since

m(Yyy) 175 infrev, .., Jac(g)(g' ()" tm(Y,) = oY)
m(Ys) T 15 supyey,, ., Jac(g)(g'(y))tm(Y) —  m(Y)
for each p=1,...,1, we have
Yot m(Vap) oy X (35)
m(Y,) my)

and hence

Z m(YJ) = Z m(Yao...an_l)

JeWw, g,y @p—1=1

l m Yp !
{C 1%}(10 Z m(Yao.“anfz)

l
.>{012%4"1

Spam(¥) |

—1 p=1 p

= Y

{C’ Y Cm(Y)

Thus we obtain

(3) hnnllcgf - 1og Z (Yy) > log Z m(Y,) —logm(Y) —log C.
JEW, p=1

On the other hand, taking x; € Y; N A for each J € W,, we obtain a sequence of

probability measures supported on A by p, = — Z (Y;)dy, for each n > 1,

" Jew,
where Z,, ==}y, m(Yy) and 0y := (2, + (59(9“ -+ dgn-1(z,))/n. Then an
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accumulation point p of the sequence {u, 52 is a g-invariant probability measure

supported on A. Since

log Z =log Z,

= _m) ) m) "
_JEXV:V" <ZJ’€W" m(}{,,)) { ° <ZJ’€Wn m(YJ')> Flos (YJ>}

= Z pn(Yr) {—1og pin(Yy) +logm(Yy)}

JeWw,
<> un(YJ){ logun(YJ)nLlog( HJac 7)) 1)}
JeWw,
== 3 Vs logen(¥s) — n [ log Jacg)du, +log{Cm(¥)),
JeWn
we have
(4) hmbupflog Z (Yy) < hulg) — /logJac(g)d,u.

Jew,

Combining (3) and (4) we obtain

1
hu(g) — /1ogJac Z ogm(Y;) —logm(Y) —log C.

The lemma is proved.

Now we show the upper estimate. Take the monotone sequences {l;}3>, C N

and {7 }72, C (0,1) as in the definition of the nonsteep condition for 7'. Put

—f = limsup — 1 logm({x eX: nw(x 0) > a})

n—o0

If 8 = oo then nothing has to be shown, and so we assume that 3 < oco. We show
that for any ,7 > 0 there is v € .#r with v(Uy—' Xi x {k}) = 1 for some K > 1
such that

/wdu >a—¢ and h,(T)— /logJaC(T)dV > —(B+n)
hold. Take an arbitrarily large integer N > 1 such that
1
—N(B+n/4) < - >
< m({x eX: NSNw(m,O) > a}

and

ISNY(2) — Snp(w)| < eN/8
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whenever z,w € A for some A € \/f\ing*i%. Let

By = {A eVNIIT e/ A C Xq x {0},

1
NSNw(zA) > a for some z4 € A}.

Then it is obvious that

Z mz(A) > m({x eX: %Smp(x,o) > a} > e~ N(B+n/4)
AeAN

For each A € BN take 0 < ks < N —1 and J4 € #;, such that
TNA = Ja x {ka},
and let
Jaj = (JaN X, i)\ Xeas (G=1,-..1n).
Then from the monotonicity of the sequences {l;}7° , and {y£}2, in the assump-

tion on the nonsteepness we have

IN

> m(Jay) =m(Ja\ Xeatiy) = m(Ja\ Xeatr,,)
j=1

> Yeam(Ja) > ynm(Ja).
For j =1,2,...,lny we set
B ={B eV T o Bca;Ae By},

where A; := ANTN*1(Jy; x {ka}) for each A € Zy. Then since

Timzy) | Tt maUag X (ha))
my(A)  ~ T mz(Ja x {ka})
IN
N JA
_ppizimmUag)

m(Ja)

for each A € By, we have

ZN: Y. mz(B)= ) zijZ(Aj)

j=1 BEBN,; AeZn j=1

> Dr 'y Z mz(A)
AEBN

> DT—lee—N(BJrn/Zi)’
and hence,

> mz(B) = Dy iy e N/
BE%N‘jN



150 YONG MOO CHUNG

holds for some 1 < jy < In. Then (Xox{0}, Bn jr, TN | x, « (0}) induces a finite
Markov system on Xo x {0}. Set K := N + jy. Then we obtain a T%-invariant
probability measure p on A := ﬂj‘iOT_lK(UBe@N,jN B) C Xy x {0} such that

h(T5) — / log Jac(TX)dpu
> log Z mz(B) —logmz(Xo x {0}) —log Dr
BE%N‘J'N

by Lemma 7. Then v := % ZiK:Bl o T7% is a T-invariant probability measure

satisfying v(Ur—' (X x {k})) = 1. Moreover,

ho (T) — /logJac(T)du - %{hM(TK) - /logJac(TK)du}
2%{ log Z mz(B) —logmz(Xo x {0}) — logDT}
BEXBN,j N
>Zlog Y mu(B) - /4
BEBn jx

1 _ _ _
2Rlog{DT Nyt yne NEEOY /g

1 1 1
> 4) — —log Dy — —logly + —1 —n/4
> N+J.N(ﬁ+n/) v log Dr — < logly + - log v n/

>—(B+n)

holds if IV is large. Furthermore, for any » € B with B € %y ;, we can take
A € By with B C A and z4 € A such that Sy (z4)/N > a. Then for a large
integer N > 1 we have

Sk(za) > SN(za) — Jn Slél% |9 (w)]
> Na — Iy sup |¢(w)|
weZ
> (N +jn)(a—e/4) =K(a—e/d),
and

ISk (2) — Sk (za)l < [Sntp(2) — Snip(2a)]
+ 18 (TN (2)) = Sy (T (24))]
< Ne/8+2jn sup |9 (w)]

< Ne/8 4 2l sup |[¢(w)]
weZ

< Ne/4 < Ke/4.
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Then,
Skp(z) = Skv(za) + (S (2) — Sxi(24))
>K(a—e/4)— Ke/4 = K(a—¢€/2).

Since v € .4 and it is supported on ﬂj’iOT_lK(I_IBeggN’jN UKL TP B) we have

/1/1d1/2a—e/2>a—e.
Thus we obtain the upper estimate. This completes the proof of Theorem 1.

Remark 4. To obtain the large deviations estimates as in Theorem 1, we can relax
the bounded distortion condition to weaker one by replacing the constant Dp > 1
with a sequence {Dnp}22, of positive numbers satisfying lim,,_.(log D,)/n = 0
such that

[Ty Jac(T)(T'(2)) _

[Ty Jac(T)(T(w)) = "
holds whenever z,w € A for some A € \/?:_OlT_isz and n > 1. A thermodynamic

formalism for dynamical systems satisfying this weak bounded distortion condition
has been studied by Yuri [31].
5. PROOF OF THEOREM 3

Throughout this section, I denotes a compact interval of the real line and m
Lebesgue measure. Let f : I — I be a topological mixing C? map satisfying the
assumptions stated in Section 2. We notice that the weak* topology on the space

M of the probability measures is generated by open sets ¢ of the form
G = {,LLE///: _n%axl’/goidufai <€}
i=1,...,

for some @1,...,¢0; € C(I), a1,...,0q¢ € R and € > 0, where C(I) denotes the

space of the continuous functions on I. Thus, the proof of Theorem 3 is reduced
to the estimates on the level 1 large deviations for given ¢ € C(I) and a € R as

follows:

(1) (The lower estimate)

lim infl logm({x el: % no(x) > a}) > sup {q(u) : /g@du > a};

n—oo N

(2) (The upper estimate)

limsup%bgm({x el: % no(x) > a}) < max{q(,u) : /(pd,u > a},

n—oo
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where ¢ is the upper regularization of F,

hu(f) — /log |f'|dp  for p € Ay hyperbolic,
F(p) =
—00 otherwise.

The lower estimate. To obtain the lower estimate of the rate function we show
that

(5) lim inf ! logm ({x elrl: % np(x) > a}) > h,(f) — /log If'|dp

n—oo N

holds for any p € .#; hyperbolic with [ pdu > a. First we assume that y is ergodic.
Taking & > 0 small enough so that [ ¢du > a + e. Then there are integers k,1 > 1
with (logl)/k > h,(f) — ¢ and pairwise disjoint compact intervals Ly, Lo, ..., L;
with L C I such that: L; C L, f*(L;) = L and f* |1,: L, — L is injective on L;
(i=1,2,...10);

Glogl /@) = [log|fldul <= and  {Sipla) = [edu—e>a

whenever € U!_; L;. Then

liminfl logm ({x el: lSncp(as) > a})
n

n—oo n

s 1 n—1¢—k l
> hgr_l)lg(l}f T logm (ﬂj:O (Ui Ly))

Zliminfkilog{l" min  |(f*) (z)|7"m(J)}

n—oo RN zell_ | L;

1 !
Zglogl— log | f'|dp — €
> u(f) [ log|ldn — 2

Letting e — 0 we obtain the inequlity (5) for the case that u is ergodic. If yu is
not ergodic, then take € > 0 small enough so that [ ¢pdyu > o + ¢ and a linear

combination ' = aqp1 + - - - + app, of ergodic and hyperbolic measures g1, . . ., fp
such that

h(F) — b ()l < /4, | / log |'|dps — / log ||| < ¢/4

\/tpdu—/wdu’l <e/2.

Applying the argument above for each 4, ¢ = 1,...,p, we can take integers kq,l; >

and

1 with (logly)/kq > hy., (f)—€/4 and pairwise disjoint compact intervals L{, ..., L?q
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with L9 C I such that: LY C L9, fka(LY) = L9 and fke |pa: L — L% is injective on
LY (i=1,2,...1,);

1 1
i log | @) = [ og | idual </ and |- Su,0(0) — [ ] < /4
q q

whenever x € uﬁ;ng. On the other hand, there are integers Ki,..., K, > 1 such
that f%«(L%) = I, since f is topologically mixing. For any large integer n > 1 define
ro(n) := 0 and r¢(n) := rq_1(n) + [noy/kqlkq + K, inductively on ¢ = 1,. .., p, and

set
Ba =y A/ frama sk e 1),

where [-] denotes the Gauss’ symbol. Then since n > 1 is large, for any x € B,, we

have

|(f7 ) (@)] < (I;lgflf’(y)l)KlJr"'*K” Tt kel (frami®a)))

q=1

< (max P53 exp {imau/ialts ( f108171dng +18) }

I
ye =

< exp {n (/ log | f'|dy’ +5/4> } .

() 2 40T o] (s (7Y @)]) )

> yrea/kal g Ines kel oy {n </ log | f'|dp” + 6/4> } m(I).

Moreover, for any « € B,, we have

Thus, we obtain

Snp(z) —n / pdy/

nogy

St 07 0)) = |22y [
q

NE

<

q=1

M=

+ 2(kq +Kq) max |¢(y)|
yel
q=1
< ne/4+ne/4d = ne/2,
and then
1 1 , ,
|~ Snp(@) = [ pdul < |- Snp(x) = [ edu’| + ] [ pdu’ = [ pdyl

<e/2+¢/2 =
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Thus,
1
—Spp(x) > [ pdu—e > a.
n

As a conclusion we have

1 1 1
ool 1 > Timinf L
lim inf logm<{x el - n(x) > a}) > liminf — logm(B,,)

n—oo N n—oo N
p
>y % loglq — (/ log | f'|du’ + 5/4)
=114
> o) - [ log|£ldu’ 2
> hu(f) ~ [ log|ldn ~ .

Letting ¢ — 0 we obtain (5), and hence the lower estimate of the rate function.

The upper estimate. We show that for any ¢,7 > 0 there exists u € #f
hyperbolic with /cpdu > a — ¢ such that

(6) limsup%logm({x cl: % () > a}) < hu(f) — /log|f’|du—|—n

n—oo

holds whenever the left hand side of the inequality (6) is not —oco. Take a subinterval
J C I and a return time function R : J — N U {oo} as in the assumptions for f
stated in Section 2. Then setting X := {z € J : R(z) > k} (k=0,1,2,...) we
obtain a tower (Z, <) by

Z = UzOZOXk X {k}
and
o ={Jx{k}:Je€ I k=0,12,...}

where . is the partition of X} which consists of the connected components of both
{reJ:R(x)=k+1} and {& € J: R(z) > k+ 1}. Then it follows that the tower
(Z,47) is nonsteep from the assumptions for the map. A tower map T : Z — Z
defined by

(x,k+1) if R(z) > k+1,

T(x, k) = '
(fH (@), 00 if R(z) =k +1,

satisfies T o T = f om on Z where 7(x, k) = f*(z). It also follows from the as-
sumptions for f that the map T : Z — Z satisfies both of the admissibility and the
bounded distortion conditions. Moreover, if A € \/;Lz_olT*iffzf , then 7(A) is an inter-

val with length less than or equal to €,, and it implies that the function ¢ : Z — R
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defined by ¥ (z, k) = ¢(f*(x)) is contained in the class .%. Then since there is an
integer [ > 1 such that f'J = I, taking large n > 1 we have

m({a: el :%Sncp(x) > a}) = m({m e fly: % no(x) > a})
§m(fl({m eJ: % wo(x) > a— e/2})>
S(max\(f)’(yﬂ)lm({a: eJ: % wp(x) > a— 6/2})

yel

=(max| () ))'m ({z € Xo % (e, 0) > a—e/2}).

yel
Hence, there is v € #r with v(Uf ' X x {k}) = 1 for some K > 1 such that
/wdu >a— ¢ and

1 1
limsupglogm({x el: - no(x) > a})

n—oo

< limsupllogm<{x € Xp: % w(z,0) > a— 6/2})

n—oo T

< h,(T)— /log Jac(T)dv +n

Lon T is

by Theorem 1. Then the f-invariant probability measure p := v o 7w~
hyperbolic because the Lyapunov exponents on the support of p are not smaller

than (log A)/K uniformly. Also, y satisfies

/cpdu:/wdu>a—s

1 1
lim sup — logm({x el :—Spp(x) > a})
n n

n—oo

and

< h,(T) - /log Jac(T)dv +n

= hu(f) = /log |f'dp + .

This completes the proof of Theorem 3.
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