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HYPERBOLICITY OF C1-STABLY SHADOWING
HOMOCLINIC CLASSES

KHOSRO TAJBAKHSH AND KEONHEE LEE

Abstract. Let f be a diffeomorphism on a closed manifold M , and let p ∈ M

be a hyperbolic periodic point of f . Denote Hf (p) the homoclinic class of f

associated to p. We say that Hf (p) is C1-stably shadowing if Hf (p) is locally

maximal (in U ⊆ M) and there is a C1-neighborhood U(f) of f such that for

any g ∈ U(f), g has the shadowing property on Λg , where Λg = ∩n∈Zgn(U)

and which is called the continuation of Hf (p) = ∩n∈Zfn(U). We show in this

paper that Hf (p) is C1-stably shadowing if and only if Hf (p) is hyperbolic.

The notion of pseudo orbit very often appears in several branches of modern

theory of dynamical systems([10]), and the pseudo orbit shadowing property usually

plays an important role in the investigation of stability theory and ergodic theory.

Let X be a compact metric space with metric d, and let f be a homeomorphism

of X. For δ > 0, a sequence of points {xi}b
i=a in X (−∞ ≤ a < b ≤ ∞) is called a

δ-pseudo-orbit of f if d(f(xi), xi+1) < δ for all a ≤ i ≤ b−1. Let Λ ⊆ X be a closed

f -invariant set. We say that f has the shadowing property on Λ if for any ε > 0 there

is a δ > 0 such that for any δ-pseudo-orbit {xi}b
i=a ⊆ Λ of f(−∞ ≤ a < b ≤ ∞),

there is y ∈ X that ε-shadowes the pseudo orbit; that is, d(f i(y), xi) < ε for all

a ≤ i ≤ b − 1. Notice that, in this definition, only δ-pseudo-orbits of f “contained

in Λ” can be ε-shadowed, but the shadowing point y ∈ X is “not necessarily”

contained in Λ. This property does not depend on the metric used and is preserved
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under topological conjugacy. It is easy to see that f has the shadowing property

on Λ if and only if fn has the shadowing property on Λ for each n ∈ Z.

Let M be a closed C∞ manifold, and let Diff(M) be the space of diffeomorphisms

of M endowed with the C1-topology. Denote by d the distance on M induced from

a Riemannian metric ‖ · ‖ on the tangent bundle TM . It is well known that if p is

a hyperbolic periodic point of f with period k then the sets

W s(p) = {x ∈ M : fkn(x) → p as n →∞} and

Wu(p) = {x ∈ M : f−kn(x) → p as n →∞}

are C1-injectively immersed submanifolds of M . A point x ∈ W s(p) ∩ Wu(p) is

called a homoclinic point of f associated to p, and it is said to be a transversal homo-

clinic point of f if the above intersection is transversal at x; i.e., x ∈ W s(p)tWu(p).

The closure of the homoclinic points of f associated to p is called the homoclinic

class of f associated to p, and it is denoted by Hf (p). The closure of the transversal

homoclinic points of f associated to p is called the transversal homoclinic class of

f associated to p, and it is denoted by HT
f (p). It is clear that both Hf (p) and

HT
f (p) are compact f -invariant sets. Homoclinic classes are the natural candidates

to replace hyperbolic basic sets in nonhyperbolic theory.

Let q be a hyperbolic periodic point of f . We say that p and q are homoclinic

related, and write p ∼ q if

W s(p)tWu(q) 6= φ and Wu(p)tW s(q) 6= φ.

It is clear that if p ∼ q then index(p) = index(q); i.e., dimW s(p) = dimWu(q).

By the Smale’s transeverse homoclinic point theorem, HT
f (p) coincides with the

closure of the set of hyperbolic periodic points q of f such that p ∼ q. Note that if

p is a hyperbolic periodic point of f then there is a neighborhood U of p and a C1-

neighborhood U(f) of f such that for any g ∈ U(f) there exists a unique hyperbolic

periodic point pg of g in U with the same period as p and index(pg) = index(p).

Such that point pg is called the continuation of p = pf .

Note that,when a transverse homoclinic class is not hyperbolic, it may contain

periodic points having different indices. Actually, there are examples of diffeomor-

phisms with transverse homoclinic classes containing hyperbolic periodic points

with different indices in a robust way. These systems do not have the shadowing

property in general. One of the main obstructions for shadowing is the existence

of hetrodymensional cycles. Such dynamical phenomena easily give pseudo orbit

which can not be shadowable.

For given x, y ∈ X, we write x Ã y if for any δ > 0, there is a δ-pseudo-

orbit {xi}bδ
i=aδ

(aδ < bδ) of f such that xaδ
= x and xbδ

= y. Write x ! y
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if x Ã y and y Ã x. The set of points {x ∈ X : x ! x} is called the chain

recurrent set of f and which is denoted by R(f). It is easy to see that the set

is closed and f(R(f)) = R(f). If we denote the set of periodic points of f by

P (f), then P (f) ⊂ Ω(f) ⊂ R(f). Here Ω(f) is the non-wandering set of f . The

relation ! induces on R(f) an equivalence relation, whose classes are called chain

components of f . These are compact invariant sets and can not be decomposed

into two disjoint compact invariant sets and so serve as ”elementary pieces” of

the dynamical systems. Denote Cf (p) the chain component of f that contains a

hyperbolic periodic point of f . We say Cf (p) is C1-stably shadowable if there is

a C1-neighborhood U(f) of f such that for every g ∈ U(f), g has the shadowing

property on Cg(pg), where pg is the continuation of p and Cg(pg) is the chain

component of g containing pg.

Very recently, Sakai and Wen et al. [11-12] proved that if Cf (p) is C1-stably

shadowable, then Cf (p) is the hyperbolic homoclinic class of f associated to p.

Also Lee et al. [8] showed that Cf (p) is C1-stably shadowing if and only if Cf (p)

is hyperbolic.

In this paper, we introduce the notion of C1-stably shadowing for a closed f -

invariant subset of M (see also [8]), and show the homoclinic class Hf (p) of f

associated to p is hyperbolic if and only if Hf (p) is C1-stably shadowing.

Definition 1. We say that a closed f -invariant set Λ is C1-stably shadowing if Λ

is locally maximal (in U) and there is a C1-neighborhood U(f) of f such that for

any g ∈ U(f), g has the shadowing property on Λg. Here Λg = ∩n∈Zgn(U) and

which is called the continuation of Λf = Λ = ∩n∈Zfn(U).

Definition 2. Let p be a hyperbolic periodic point of f . We say that the homoclinic

class Hf (p) is C1-stably shadowable if there exists a C1-neighborhood U(f) of f such

that for every g ∈ U(f), g has the shadowing property on Hg(pg), where pg is the

continuation of p and Hg(pg) is the homoclinic class of g associated to pg. The

same definition can be applied to HT
f (p).

Recall that a compact invariant set Λ is called hyperbolic for f if the tangent

bundle TΛM has a continuous Df -invariant splitting E⊕F and there exist constants

C > 0, 0 < λ < 1 such that

‖Dfn|E(x)‖ ≤ Cλn

and

‖Df−n|F (fn(x))‖ ≤ Cλn

for all x ∈ Λ and n ≥ 0.
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Our main theorems are the following.

Theorem A. Let p be a hyperbolic periodic point of f . Then the homoclinic class

Hf (p) is C1-stably shadowing if and only if Hf (p) is hyperbolic.

Theorem B. Let p be a hyperbolic periodic point of f . If the homoclinic class

Hf (p) is C1-stably shadowable then Hf (p) is hyperbolic.
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