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ON SOME USEFUL CONDITIONS FOR HYPERBOLICITY

MARCIN MAZUR

ABSTRACT. In the paper we investigate the hyperbolicity, semi-hyperbolicity
and cone field conditions for compact invariant sets of C1 diffeomorphisms.
We give an independent proof of the main theorem of [6] and propose some

improvement on this result.

1. INTRODUCTION

As is well-known, computer assisted methods play an important role in proving
some strong results that defy analytical investigation (see, e.g., [7, 8, 9, 12, 13, 14,
15, 16)).

One of the most recent directions in this field is the strict numerical verification
of the hyperbolicity condition. The main problem that should be dealt with on
this occasion is to fulfill the classical assumption on the existence of an invariant
splitting, which cannot be directly examined with help of appropriate computer
programs only.

So far, there were obtain a few significant results concerning hyperbolicity of the
Hénon map. In [4] using the notion of a cone field Hruska proved hyperbolicity of
the complex Hénon attractor with certain parameter values. Another approach was
presented by Arai [1], who applied the notion of quasi-hyperbolicity and show the
existence of a large set of parameter values for which the chain recurrent set of the

Hénon map is hyperbolic. The most recent concept, due to Mazur and Tabor [5],
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is based on the notion of semi-hyperbolicity introduced in [2, 3] for more general
case of (not necessarily invertible) Lipshitz mappings.

In this paper, which is (in some sense) continuation of [6], we investigate the
relation between the hyperbolicity, semi-hyperbolicity and cone field conditions. In
Section 2 we give an independent proof of the main theorem of [6] as well as in
Section 3 we propose some improvement on this result involving, so called, variable
constants approach that will probably be more useful for strict numerical compu-

tations.

2. HYPERBOLICITY, SEMI-HYPERBOLICITY AND CONE FIELDS

At first we recall the notion of hyperbolicity. Let f: U — f(U) C R™ be a C*
diffeomorphism. Here and later on U and || - || denote an open set and an original

norm in R™, respectively.

Definition 2.1. An f-invariant compact subset K of U is said to be (g, \y)-
hyperbolic, where

0< g <1<,

if for each z € K there exist a norm || - ||, on R™ and a splitting R" = Ef & EY

with corresponding projections P; and P} = I — P; such that

[HO] the norms || - || are uniformly equivalent, i.e., ¢ |v]|» < ||v| < ¢||v]. for
some constant ¢ > 0 and all z € K, v € R";

[H1] the projections are uniformly bounded, i.e., max{||PZ||, || P¥||} < h for some
constant h > 0 and all z € K

[H2] the splitting is invariant, i.e., D, fES" = E;(Z) for x € K;

3] [1DafP3ollse) < AlIPSolle and [1DafPRvll sy = AdllProll, for @ € K,

v e R™.

Remark 2.1. The condition [H1] is equivalent (see [11]) to the following one:

[H1’] the projections are continuously dependent on the points of K, i.e., the

functions  +— P; and x — P} are continuous in all z € K.

If we do not require the invariance of the splitting spaces and use some (a priori)

weaker conditions instead, we obtain the notion of semi-hyperbolicity.

Definition 2.2. An f-invariant compact subset K of U is said to be
(Asy A, fis, iy )-semi-hyperbolic, where

0<Ads<l< Ay, and (1 —Xs)(Ay — 1) > pspiy, >0,
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if for each € K there exist a norm | - || on R™ and a splitting R” = EZ & E¥
with corresponding projections P$ and P¥* = I — P$ such that the conditions [HO],
[H1] hold and
[SH2] the dimension of the splitting spaces is constant over individual orbits, i.e,
dimE$% = dimE;’(Z) for x € K;

[SH3] [P}y Daf Pvllp@) < AslPvlles  1Pf (o) Da f PV p(o) < sl Py v,

1Py Da f Pl f(a) < pull Brvlle, ([ PFoy Daef Pl g(ay = Al Pivll

forx € K, veR™

Obviously, if the set K is (As, Ay)-hyperbolic, it is also (Ag, Ay, fis, by )-S€mi-
hyperbolic for sufficiently small constants s, ti, > 0 (the norms and the splitting
spaces do not change).

Now we proceed to the notion of expanding and co-expanding cone field.

Definition 2.3. Let ¢ be a positive constant, R” = E° @& E" be a splitting with

corresponding projections P*, P* =1 — P® and || - | be a norm on R™. The set
Ce(E%,E* |- ) = {v e R" [ | P0]| < ellP o]}

is called a cone in R™.

For a set K C R™ a collection of cones

C={Celoer = {Ce)(EL, B || - o) Yok

determined by the splittings R” = E¥ @ EY, the norms || - ||, on R" satisfying the
condition [HO] and the positive real-valued function e(z) defined for each = € K,

forms a cone field over K.

Definition 2.4. Let C = {C.} = {C.o)(E3, EY,| - ||,)} be a cone field over an
f-invariant compact set K C U. The diffeomorphism f is said to be strongly
(Xs, Ay )-dominating on C over K, where
AT > 1,
if for each & € K there exists a norm || - ||, on R™ such that [HO], [H1], [SH2] hold
and:
[SD3] [Dyeayf M olle = A0l p@)s 1Dafwllp@) = Aullwlls for z € K, v e R™\
Cf(w), w € Cy.
If, additionally, A < 1 and A, > 1 we say that f is A,-expanding and As-co-

expanding on C over K.

Remark 2.2. In the above definition one can replace the condition [SD3] by the

following one:
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Doy 1 D .
D3] inf { g Pr@fTole e 1Pef 0l >} > 1. x
€K | veRM\Cj(a vl £z weC,\{0} l|w]] =

In this case we say that f is dominating on C over K. Obviously, the condition
[D3] is weaker than [SD3].

The following theorem corresponds to the main result of [6].

Theorem 2.5. Let K C U be a compact f-invariant set.

(1) If K is (As, A, s, i) -S€Mi-hyperbolic according to splittings R™ = EZ®EY and
norms || - ||, on R™, then f is (A — epy)-ezpanding and (s + £~ ps)-co-expanding
on the cone field

over K, where

(1) g(z) =¢= lcui\ forall x € K,

and ¢ is any constant satisfying

(1 B )\s)()‘u - 1)
Pshbu '

1<e<

(ii) If f s Ay-expanding and As-co-expanding on a cone field C = {C,} over K,
then K is (s, \y)-hyperbolic with respect to some invariant splittings R* = ES®EY
satisfying E5 C R"\ C,, and E¥ C C, forz € K.

Proof. (i) The conditions [H1], [SH2] are obviously held and

Aot = A+ 15 <At l-Ao=1

/\u — &by = /\u - Clu_sé\t: > /\u - (1_A1i(;\:_1) = 1;

hence it remains to show the existence of a family of norms || - ||, (z € K) on R”

satisfying [HO] and the following estimates for each z € K, v € R" \ Cy(,), w € Cy:
1D s f vlle = (N + %)AHUHM), 1D fwllpz) = (Au = pp) [w]]a-
Take z € K and put
lolle = max{e~ | Pyvll,, 1Pyl } for v eR™
Then the norms || - ||, satisfy the condition [HO] and for all v, w € R™ such that

I1Pzwll, < ellPrwlles 1PFm)vll ) > elPfayoll pias
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we have:
1D ful s 2 1P}y el sy > 1P}y Def Pl g0y — NPH D Pl
> MlPywll, = pull Prwll, = Al Prwll, — peell Prwll,
= (Au — e[| 0]z
ellollstey = 1P3tll oy = IPEy Do S Doy ol
<N Pf oy Daf PiDgioy f~ 0l sy + 1PF(ayDaf P Doy f~ 0l oy
AsIPiD gy f 0l + sl P Dyay f 10,

IN

IA

(eXs + /~LS)||Df(ﬂrf)f71v|‘“77
which completes the proof of (i).

(ii) Since f is strongly (As, Ay )-dominating on C over K, from Theorem 1.2 of
[10] for all z € K we obtain a splitting R” = E2 @ E¥ such that [H1], [H2] hold
and B2 C R"\ C,, E* C C,. Hence, the condition [H3] follows directly from [SD3],
which finishes the proof of (ii). O

An immediate consequence of the above theorem is the following

Corollary 2.6. Every (s, \u, s, o )-semi-hyperbolic set K C U is also (As +

e g, Ay — i) -hyperbolic, where ¢ is a constant given by (1).

3. VARIABLE CONSTANTS APPROACH

In this section we improve the previous results by applying a simpler (from
point of view of possible numerical applications) version of the semi-hyperbolicity

condition.

Definition 3.1. Let (A\s) = {A\}liek, (M) = {XN}aek, (us) = {1¥}zex and

() = {pZ }zex be collections of positive constants satisfying

AL <1 <AL, memy, > 1,

where
1N A1
mg = inf , My = inf .
zeK uf zeK Ul
An f-invariant compact subset K of U is said to be ({As), (Au), (ts), (fhy))-semi-
hyperbolic if for each € K there exist a norm || - |, on R™ and a splitting

R"™ = E @ EY with corresponding projections P; and Py = I — P; such that the
conditions [HO], [H1], [SH2] hold and

[VSH3] || P}, Da f Pl pa) < AIPRVNes (1P Daf Pivllay < pElIPy0llas

() f(=)
1P o Daf P30l pay < 12| Pivllas  [|1PE oy D f Povll oy = Aol PEvll

forz € K, v eR"™.
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Obviously, a semi-hyperbolic set in the classical sense of Definition 2.2 is semi-
hyperbolic in the sense of the above definition, with respect to the same norms and

splittings. The following example shows that the inverse does not hold.

Example 3.1. Consider two open sets Uy, Us C R™ with disjoint closures and take
any points x1 € Uy, x9 € Us. It is easy to see that we can define a diffeomorphism
f: U3 UUs — f(Up UUs) such that the set K = {x1,22} forms a periodic orbit

(hence K is f-invariant) and

1 1 3 1
Dﬂﬂlf: ! ’ ngf: vt
1l 5 1 9
16 4 4
Put
2) M lles =1l lla =11, Bz, =E;, =Rx{0} and Ej =E7 ={0} xR.

Then for each v € R? we obtain the following estimates:
|P;2Dw1fP£1U| = i|P£§1U| S %|P51U‘7 |P;2Dw1fp$“lv‘ = 1|Pglv|7
[Py, Do, [P, 0] = 35| Ps,v| < 3|P5ol, [Py, Day f Py v] = 3|Py v,

|P;1DI2fP;2v| = %|PZ§2U|7 |P;1Dw2fpa?2/l)‘ = i|P2ul/U‘ S 1|P2u1v|7
(P2 Dy, fP2,0] = 1P, 0l (P2 Dy, fPEo] = 2Pl > 3P,
Since

1-DE-D=fri=11
we conclude that K is ({3, 3}, {3,2}, {1, 1}, {15, 1})-semi-hyperbolic, but it cannot
be semi-hyperbolic with respect to (2) in the sense of Definition 2.2.

Now we are ready to formulate the main result of this paper.

Theorem 3.2. If a compact f-invariant set K C U is ((As), (Au), (its), (b)) -semi-

hyperbolic according to splittings R™ = E3 @& E* and norms || - ||, on R™, then f is

T

Ar-expanding and X:-co-expanding on the cone field

over K, where

-1,z

AL =sup,er (A + e 1), AL = sube e (A — eptq),
e(x)=e=-% forall x €K,

mg

(3)

and ¢ is any constant satisfying

1 <c<mgmy.
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Proof. The proof is essentially the same as the proof of Theorem 2.5. We only need
to show that
A; <1 and A, > 1L

Let 6 < 1 be a constant satisfying
c < Mgy,

Then for each x € K we obtain the following estimates:

7)\3:

: T, IS
A =z e <r o O e - L4l ala,

NE—epl = AL — P o ImeQu i — e ) 46> 8> 1,

ms Mg iy,
and, consequently,
1
A< =<1, A\, >0>1,
c

which gives the conclusion. O

Corollary 3.3. Every ({As), (Au), {pts), (1w ))-semi-hyperbolic set K C U is also
(A5, AE)-hyperbolic, where X% and Al are the constants given by (3).
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