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LEFT-INVARIANT MINIMAL UNIT VECTOR FIELDS ON LIE
GROUPS

SEUNGHUN YI

ABSTRACT. We provide examples of left-invariant unit vector fields on Lie

groups.

1. INTRODUCTION

A smooth unit vector field on a Riemannian manifold (M, g) is a cross section
of its unit sphere bundle T(M) and hence can be considered as a submanifold of
TY(M). Let M be a compact manifold and if 7" (M) is equipped with the Sasaki
metric g5, then the volume of the unit vector field is defined as the volume of this

submanifold.

Gluck and and Ziller considered the problem of determining unit vector fields
with minimal volume in [5] and they showed that the unit vector fields of minimal
volume on S? are precisely the Hopf vector fields and no others. But in the higher
dimensional spheres, S?"*1 k > 2. this is not the case([4], [9], [12]).

Gil-Medriano and Llinares-Fuster showed that a unit vector field is a criti-
cal point of the volume functional if and only if the corresponding immersion in
(T*M, g5) is minimal([3]). So such unit vector fields are called minimal even though

the manifold is not compact.

The aim of this paper is to provide examples of left-invariant unit vector fields

on the Lie groups.
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In section 2, we give some basic notions and facts. In section 3, we provide

examples of left-invariant unit vector fields on the Lie groups.

2. MINIMAL UNIT VECTOR FIELD

Let (M, g) be a smooth Riemannian manifold, V be the Levi-Civita connection
on (M,g) and R be the associated Riemannian curvature tensor with the sign
convention Rxy = Vixy] — [Vx, Vy].

We assume that the set x!(M) of unit vector fields on M is non-empty. For

V € x!(M) we define the positive definite symmetric tensor field Ly by
Ly =1+ (VV)'VV

where I is the identity map and (VV)* is the adjoint. Put f(V) = (det Ly)z.
Then the volume functional F : x!( — R is defined by

/ fv
where dv is the volume form on (M, g).
Define a (1, 1)-tensor field Ky and a 1-form wy associated to V' as follows.
Ky =f(V) Ly o (VV)",
wy(X) = (tr(Z — VzKy)(X)).

More precisely, for an orthonormal basis {FE, Ea, -, E,} of the tangent space,

wy (X) is given by
Zg B Kv)(X), E;).

In [3] it is proved that a unit vector field V is a critical point for the volume
functional F if and only if the 1-form wy annihilates the distribution H" consisting
of tangent vectors orthogonal to V. Moreover it is shown that V is critical if and
only if the map V : M — (T'M, g,) is a minimal immersion, where (T'M, g;)
is the unit tangent bundle T'M equipped with the Sasaki metric g,. Thus the

following definition is natural.

Definition 2.1. A unit vector field V on a Riemannian manifold (M, g) is called
minimal if wy (X) =0 for all X € HV.

From now on we consider left-invariant unit vector fields on a Lie group. Let G be
an n-dimensional connected Lie group equipped with a left-invariant metric and g be

its Lie algebra. Then the left-invariant metric on G' determines the associated inner
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product <, > on g. Furthermore let S be the unit sphere of g with respect to <, >.
For V € §,VV, Ly, Ky and wy are invariant by left translation, they can be viewed
as tensors on g which are determined by the Lie algebra structure and its inner

product <,> and f is viewed as a function on S defined by V € § — (detLv)%.

The distribution H" is invariant by left translation and is identified with the
orthogonal complement V1 of V in g and thus V+ may be naturally identified
with the tangent space Ty S of the unit sphere S at V. Thus a left invariant unit

vector field V' is minimal if and only if the 1-form wy on g vanishes on V+ = Ty S.
Proposition 2.1 ([15]; Proposition 2.1). For X € TyS we have
wy (X) = —dfy(X) —tradg, x
and V s minimal if and only if
dfv(X) = —tradg, x

for all X € Ty S.

Thus on a unimodular Lie group G, i.e., tradx = 0, for all X € g, a left-invariant
unit vector field V' is minimal if and only if V' is a critical point of the function f
on S.

Let G be a non-unimodular Lie group with a left-invariant metric. We denote

by U its unimodular kernel, i.e.,

U={X €gltradx = 0}.

Then U is an ideal of codimension 1 since tr ad x is a linear functional. We denote
H a unit vector orthogonal to ¢/. Then the linear transformation ady restricted to

U is a derivation of . This yields the following.

Proposition 2.2 ([15]; Proposition 2.5). Let U be the unimodular kernel of a non-
unimodular Lie group such that adgly is a symmetric endomorphism of U with
respect to <,>. Then a left-invariant unit vector field V' is minimal if and only if

it is a critical point of the function f on S.

3. EXAMPLES OF LEFT-INVARIANT UNIT VECTOR FIELDS ON LIE GROUPS

3.1 Three dimensional Lie groups
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In the first consider a three-dimensional unimodular Lie algebra with inner prod-

uct <,>. Let e1, e, e3 be an orthonormal basis such that
(1) [e2, €3] = Aiex, [es, e1] = Aages, [e1, €2] = Ages.

According to the signs of A1, A2, A3, we have six kinds of Lie groups as follows([11]).

signs of A1, Ao, A3 associated Lie groups
+, +, + SU(2) or SO(3)

+, +, - SL(2, R) or O(1,2)
+,+,0 E(2)

+,—0 E(1,1)

+,0,0 Heisenberg group
0,0,0 ReRO®R

Then we have the following.

Proposition 3.1 ([15]). Let G be a three-dimensional unimodular Lie group with
left-invariant metric and let {e;|i = 1,2,3} be an orthonormal basis of the Lie
algebra satisfying (1). Moreover, assume that Ay > Ao > A3. Then the left-invariant

minimal unit vector fields of G are given as follows:

G condition for \; the set of left-invariant minimal
unit vector fields
SU(2) Al =Xy = A3 S
A1 > Ao = A3 te;,SN{es,e3}tr
A=A > A3 tes,SN{er,eatr
A1 > A > A3 +eq, teo, teg
SL(2, R) AL =X tes, SN{e1,ea}r
A1 > Ao +eq, +eq, teg
E(2) tes,SN{er,eatr
E(1, 1) tes, SN{e1,es}r
Heisenberg group S
ROROR S

where {e;,e;}r denotes the plane spanned by e; and e;.

Now consider the non-unimodular Lie groups. Let g be a three-dimensional Lie
algebra with inner product <, >. Let i be the unimodular kernel, e; be a unit vector
orthogonal to U and {es, es} be an orthonormal basis of ¢ which diagonalizes the

symmetric part of ad,|;s. The bracket operation can be expressed as follows([11]).
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le1, e2] = aes + fPes,
le1, e3] = —fes + des,

[62, 63] =0.

Then we have the following.

Proposition 3.2 ([15]). Let G be a three-dimensional non-unimodular Lie group
with left-variant metric and let {e;|i = 1,2,3} be an orthonormal basis of the Lie

group. Then the left-invariant minimal unit vector fields of G are given as follows:

conditions  for « | conditions for (3 the sets of left-invariant minimal
and § unit vector fields
a=90 68=0 te1,8N{ez,e5tr
B#0 tey
a>0 B2+ad=0 A, B
B +ads#0 +e, B

where A is the set of unit vector fields of the plane determined by (1 + a?)xy —
a(146%)z3 = 0 and B is the set of unit vectors xoes + x3e3 where xo and w3 satisfy

B+ a%)as? — (1+ %) — d)zaws + A1+ 62)5% = 0.

3.2 Lie group of constant negative sectional curvature

For an integer n > 1, define a Lie group G,, as follows.

1 0
Gn:={< >eGL(n,R)|veR"‘1,s>0},
v sl,_1

where v € R"~! and I,,_; is the (n — 1) x (n — 1) identity matrix. Then the Lie

algebra g, of G,, consists of the n X n matrices of the form

0 0 S
o €eER" s> 0.
v sl,_1

Let {e1, €2, -+ ,e,} be the usual orthonormal basis for R*~1. Put

0 O
FE; = , < n, E, = 0 0 .
e; 0O 0 I,-1

Then we have [E;, E;] =0, for 1 <4,j <n, and [E,, Ey] = E, for 1 <k <n.
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Let G,, be equipped with a left-invariant metric such that {Ey, Fs, -+, E,} is
an orthonormal basis for g,.

Let V be the Levi-Civita connection of G,,. Then for X Y, Z € g it satisfies the
following identity([11]).

1
(2) <VxY,Z >= §{< (X,Y],Z>—-<[Y,Z],X >+ < [Z,X],Y >}.

For1<i,j<n, 1 <k<n,itis easy to show that
(3) Vg E;=6ijE,, VgE,=-E;, Vg, E,=0.
Thus Kgap, =< R(E;, Ej)E;, E; >= —1 and the Lie group (G, <,>) has con-

stant negative sectional curvature —1. In fact it is simply connected and complete.

Thus the Lie group (G, <, >) is isometric to the hyperbolic space H™([13]).

Theorem 3.3 ([16]). For the Lie group Ga every unit vector field is minimal.
For the Lie group G,,n > 2, the set of left-invariant minimal unit vector fields is
{£E,}U(SNE}).

3.3 The semi-direct product

Let a and ¢ be an abelian Lie algebra of dimension n and 1, respectively and let
P = (pyy) € gl(n,R)
be any real (n X n)-matrix. A homomorphism ¢ : v — Endo(a) can be defined by
#(0)(2) = aPs
foractvand z € a.

One can form a semi-direct product of the Lie algebra a by t as follows: The
underlying linear space is the direct sum a @ t, and the bracket operation is given
by

[(a,a), (b, B)] = (p(@)b — @(B)a, [, B]) = (p(a)b — ©(B)a,0).

We denote this new Lie algebra by a @, t.
Put E; = (0,---,1,---,0) € R® ! and let {E, -, E, 41} be orthonormal basis

for g and equip the left invariant metric on the associated Lie group with the Lie

algebra g. Then for 1 <4,j < n we have the following.

[Ei,Ej] =0, [Eni, Bl = ijiEj, [Eni1, Eny1] = 0.
i=1
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1 .
Let ajx, be defined by [E;, E;] = ZZ; @ik Ex then for 1 <4, 5,k < n we have

@ijk =0,  Quii)jk = — Qb = Pkjr  Ynt1)jntl) = Ynt1)(nt1)k = 0.

By the equation

n+1
Vg Ej = Z §(Oéz‘jk — ki + arij) B,
k=1
for 1 <4,j < n we have the following:

n

1 1
Vg Ej = i(pij +pji)Ent1, Ve Enp = —3 ;(pki + pir) Ei

1 n
Ve, Ei=3 Z(pki —pik) Bk, Vi, Enp1 =0.
k=1

Thus we have the followings.

1o IS
VE, =3 > (i + pji) Eng1 © 0 + 2 Z Pji — Pij) Ej ® Opia
=1 =1
1 n n
VEn,+1 =73 Z 21 pij +pji)Ei | ®0;

Now we have the following.

Proposition 3.4 ([6]). V = E, 1 is a minimal unit vector field of a @ ..
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