Recent Results in the GL2 Iwasawa Theory of Elliptic
Curves without Complex Multiplication
Yoshihiro Ochi
Korea Institute for Advanced Study (KIAS)
207-43 Cheongryangri-dong, Dongdaemun-gu
Seoul 130-012, South Korea
Email: ochi@kias.re.kr
Abstract
Recently new results have been obtained in the GL2 Iwasawa theory of elliptic curves
without complex multiplication. This article is a survey of some of those results.
Mathematics Subject Classification: 11G05, 11R23
Keywords: Selmer groups, Iwasawa theory, p-adic Lie groups.

1

The Cyclotomic Case

The GL2 Iwasawa theory of elliptic curves without complex multiplication was first studied
by M. Harris ([?] 1979). Let us begin by recalling the basic arguments in the Iwasawa theory
for an elliptic curve over the cyclotomic Zp -extension, which was begun by B. Mazur ([?]
1972). Let E be an elliptic curve defined over Q. Although the arguments hold for any
elliptic curve or even abelian variety defined over a number field, we restrict ourselves to elliptic
curves over Q for the remarkable results obtained in this case. This class of elliptic curves
has a distinguished property: Any elliptic curve over Q is modular (Taniyama-Shimura-Weil
conjecture -[?] p.355- proven by A.Wiles-R.Taylor, C.Breuil-B.Conrad-F.Diamond-R.Taylor).
Hence there is a dominant morphism of the modular curve X0 (N ) to E, defined over Q, where
N is the conductor of E. The Hasse-Weil L-function L(E, s) is also assured to have analytic
continuation to the complex plane ([?] Appendix C §16). Let us fix a prime number p. For an
algebraic extension K of Q we define the p-Selmer group as usual:
Y
H 1 (Kv , E))
(1)
Sel(E/K){p} := ker(H 1 (K, Ep∞ ) →
v:all primes of K

×pn

where Epn := ker(E(Q) → E(Q)) and Ep∞ = ∪n Epn . Since we will never vary p, we omit {p}
from the notation. Then, as is well known, we have a short exact sequence:
0 → E(K) ⊗ Qp / Zp → Sel(E/K) → T S(E/K){p} → 0

(2)

where T S(E/K) is the Tate-Shafarevich group of E/K ([?] X §4). It is conjectured that
T S(E/K) is finite, if K is a finite extension of Q. Assuming this conjecture, for K/ Q finite,
we have the Mordell-Weil rank of E(K) equal to the Zp -corank of Sel(E/K), which explains
the importance of the Selmer group in arithmetic geometry. The celebrated conjecture of Birch
and Swinnerton-Dyer then predicts that the rank is equal to ords=1 L(E, s), which shows the
mystery of the function.
Let µpn be the group of all pn -power roots of unity and µp∞ = ∪n µpn . The Galois group
Gal(Q(µp∞ )/ Q) is isomorphic to Zp ×∆ where ∆ is a finite abelian group of order equal to
p − 1. Hence there is an infinite Galois extension Q∞ of Q contained in Q(µp∞ ) such that
Γ := Gal(Q∞ / Q) ∼
= Zp . This Q∞ is called the cyclotomic Zp -extension of Q. For any profinite
group G = lim
G
,
←− i where each Gi is a finite group, we define its completed group algebra (or
Iwasawa algebra) as follows:
Λ(G) = Zp [[G]] := lim
←− i Zp [Gi ].
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(3)

For a Λ(G)-module M , we define its Pontrjagin dual to be M ∨ := Homcont,Zp (M, Qp / Zp ),
where “cont” means continous, and M + := HomΛ (M, Λ). We will also use the following
abbreviation: Ei (M ) = ExtiΛ (M, Λ).
It is easily seen that X = Sel(E/ Q∞ )∨ is a finitely generated Λ(Γ)-module. The algebra Λ(Γ)
is isomorphic to the ring of formal power series of one variable Zp [[T ]] ([?], p223), and there is a
structure theorem for finitely generated Λ(Γ)-modules, similar to the one for finitely generated
abelian groups. To state it, let us first define the notion of “pseudo-null” module. Let R be a
commutative ring of dimension d and M a finitely generated R-module. Then M is said to be
pseudo-null if dimR (M ) < d − 1. In the case that R = Λ(Γ) = Zp [[T ]], a pseudo-null module is
nothing but a finite module. Then the structure theorem says that for any finitely generated
Λ(Γ)-module M , there is a “pseudo-isomorphism”:
r

M ∼Λ ⊕

n
M
i=1

ni

Λ/(fi (T ) ) ⊕

m
M

Λ/(pmj )

(4)

j=1

where fi is a “Weierstrass” polynomial ([?] 5.3.29), and ∼ means there is a Λ(Γ)-homomorphism
mj
from M to E(M ) with pseudo-null (finite) kernel and cokernel. The invariant µ = Σm
j=1 p
n
is called the µ-invariant of M , and λ = Σi=1 ni degfi (T ) is called the λ-invariant of M . If
M
0, then we define the “characteristic polynomial” of M by FM (T ) :=
Qmis torsion,
Qn i.e., r =
mj
ni
j=1 p
i=1 fi (T ) .

Mazur conjectured that X is torsion over Λ(Γ) if E has good ordinary reduction at p. This has
been proven by K. Kato:
Theorem 1.1 (Rubin, Kato) Sel(E/ Q∞ )∨ is torsion over Λ(Γ) if E has good ordinary reduction at p.
The theorem was proved by K. Rubin when E has complex multiplication ([?]). We write
its characteristic polynomial Fsel (T ). Mazur and Swinnerton-Dyer constructed the p-adic Lfunction Lp−adic (E, s), and showed that “essentially” Lp−adic ∈ Λ(Γ) ([?]). There is a p-adic version of the conjecture of Birch and Swinnerton-Dyer ([?]), which claims “ords=1 Lp−adic (E, s)”
equals the Mordell-Weil rank of E(Q), where ords=1 Lp−adic (E, s) is defined through the valuation in the discrete valuation ring Λ(Γ)℘ with a prime ideal ℘ of height one not containing p.
The Main Conjecture is then stated as follows:
Conjecture 1.2 (Main Conjecture) (Fsel (T )) = (Lp−adic ) as ideals of Λ(Γ).
Kato has proved the following partial resolution of the Main Conjecture and (p-adic) Birch and
Swinnerton-Dyer conjecture:
Theorem 1.3 ([?]) (i) L(E, 1) 6= 0 =⇒ E(Q) is finite.
(ii) pn Lp−adic ∈ (Fsel (T )) for some integer n ≥ 0.

(iii) The Mordell-Weil rank of E(Q) ≤ ords=1 Lp−adic (E, s).
The proofs of the above results are highly technical with many ingenious ideas, in particular his
Euler system ([?] for the definition of Euler system) coming from so-called “Beilinson elements”
in the K-group “K2 (X0 (N ))”, and p-adic Hodge theory.
If the conjecture on the finiteness of the Tate-Shafarevic group for any number field is ture and
E has good ordinary reduction at p, then it is proven that there are natural numbers λ, µ and
n
ν independent of n such that #T S(E/ Qn ) = pλn+µp +ν (the analogue of Iwasawa’s similar
theorem on the orders of the tower of ideal class groups, [?] 13.13). When E has supersingular
reduction, it was said that “we do not even have a good guess”(R. Greenberg, [?]), but recently
M. Kurihara has obtained the analogue in the supersingular case ([?]).
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It is an interesting problem to ask whether Sel(E/ Q∞ ) has a nontrivial pseudo-null Λ(Γ)submodule, i.e., nonzero finite submodule. If it has no finite submodule with µ = 0, and is
torsion over Λ(Γ), then we have Sel(E/ Q∞ ) ∼
= (Qp / Zp )λ . For this problem, see [?], [?] and
[?]. In particular it can happen that the Selmer group has a nonzero finite submodule.

2

p-adic Lie Extensions

We would like to have Iwasawa theory not only over a Zp -extension, but also over various other
extensions. Noting that the additive group Zp is a p-adic analytic group of dimension 1, we
consider infinite Galois extensions whose Galois groups are p-adic analytic groups. A p-adic
analytic (=Lie) group G is a group in the category of p-adic analytic varieties and hence is always
nonsingular. Typical examples are Zrp , GLn (Zp ), SLn (Zp ) or their closed subgroups. This
generalization was already carried out firstly to Zrp -extensions (e.g.,[?]). In the next section we
will also consider non-abelian extensions. An extension of fields k∞ /k is a p-adic Lie extension
if it is a Galois extension and the Galois group Gal(k∞ /k) is a compact p-adic Lie group of
positive dimension. If it is a pro-p Lie group, we say k∞ /k is a pro-p Lie extension. If G is a
compact p-adic Lie group, then Λ(G) is a complete Noetherian ring, and it has Zp [G] dense in
it as a subring ([?] 2.2.2 and 2.2.4). If G is a pro-p group, then the completed group algebra
natural

is a local ring with the maximal ideal M = (p, I), where I := ker(Λ → Zp ), and there is
the Nakayama Lemma: For any pro-p compact Λ-module M , M = MM implies M = 0, and
M/MM being finite implies M is a finitely generated Λ-module (see [?]).
Let E be an elliptic curve over a number field k. Assume K/k is finite. Then there is the
following long exact sequence:
M
0 → Sel(E/K) → H 1 (GS (K), Ep∞ ) →
H 1 (Kv , E)(p)
v∈S

∨

2

→ Sel(K, Tp E) → H (GS (K), Ep∞ ).
where S is a finite set of places of K which contains all primes over p and all primes at which
E has bad reduction, and GS (K) = Gal(kS /k), kS denotes the maximal extension, unramified
outside S, and finally
Y
1
n
Sel(K, Tp E) := lim
H 1 (Kv , E)).
(5)
←− n ker(H (K, Ep ) →
v:all primes of K

Let us assume E has good reduction at each prime over p. If each reduction is ordinary, we
say E has good ordinary reduction over p. If K = k∞ , then Sel(E/k∞ ) = lim
−→ i Sel(E/ki ). The
basic conjecture here is the following:
Conjecture 2.1 Assume k∞ /k is a p-adic Lie extension containing the cyclotomic Zp -extension
of k. Then
1. H 2 (GS (k∞ ), Ep∞ ) = 0.
2. lim
←− Sel(kn , Tp E) = 0.
The conjecture implies that if E has good ordinary reduction over p, then Sel(E/k∞ )∨ is a
Λ-torsion module (see Theorem ?? in the next section).

3

GL2 Iwasawa Theory

The cyclotomic Zp -extension of a number field k is contained in the field kcycl = k(Gm [p∞ ])
with finite index, where Gm [p∞ ] is all p-power torsion points of the multiplicative group scheme
3

Gm ⊗ k̄. In the Iwasawa theory for elliptic curves we have an elliptic curve E over k. Hence it
is natural to consider a tower of extensions:
k ⊂ k0 = k(Ep ) ⊂ k1 = k(Ep2 ) ⊂ · · · ⊂ kn = k(Epn+1 ) ⊂ · · · ⊂ k(Ep∞ ) =: k∞ .

(6)

By the Weil pairing we have kcycl ⊂ k∞ .
Theorem 3.1 H 2 (GS (k∞ ), Ep∞ ) = 0.
This follows from Iwasawa’s theorem on the weak Leopoldt conjecture (see [?] 10.3.25 and [?]
4.7). Fixing a basis of Tp E we have a representation of GQ :
ρ : Gk → Aut(Tp E) = GL2 (Zp ).

(7)

The kernel of ρ is Gal(k̄/k∞ ), which is a normal closed subgroup, hence it is a p-adic Lie group
and k∞ /k is a p-adic Lie extension with an embedding G(k∞ /k) ,→ GL2 (Zp ). Assume that E
has complex multiplication by an imaginary quadratic field K over which E is defined. Then it
is known that G(k∞ /k) ,→ GL2 (Zp )ab ∼
= Z2p ×N with finite index, where N is a finite abelian
2
group. we have G := G(k∞ /k) ∼
= Zp ×∆ with a finite abelian group ∆. If we assume that
k = k0 , then ∆ = 0. In this case Λ = Zp [[G]] ∼
= Zp [[T, S]] and for any finitely generated
Λ-module M there is the following structure theorem:
M ∼R⊕

n
M
i=1

Λ/(fi (T, S)ni ) ⊕

m
M

Λ/(pmj )

(8)

j=1

where R is a reflexive module: R++ = R ([?] V §1). This existence of a nice structure theorem
makes things less difficult. Exploiting the Iwasawa theory of this case Coates and Wiles were
able to manage to prove, among other things, the following
Theorem 3.2 ([?]) Let E be an elliptic curve with complex multiplication by an imaginary
quadratic field K. Assume E is defined over K. If L(E, 1) 6= 0, then E(Q) is finite.
This is the first substantial result for the Birch and Swinnerton-Dyer’s conjecture. For the idea
and sketch of proof see [?], or [?] for more details. The Main Conjecture (see [?]) was proven
by K. Rubin ([?]). B. Perrin-Riou proved the following
Theorem 3.3 ([?] 2.4) Let E be as in the above theorem of Coates-Wiles. Assume Sel(E/k∞ )∨
is Λ-torsion and assume also a “weak Leopoldt conjecture”(see the introduction of [?]). Then
Sel(E/k∞ )∨ has no nonzero pseudo-null Λ-submodule.
As is seen from these, if E has complex multiplication with good ordinary reduction over p,
quite a lot has been proven including the Main Conjecture ([?] or Rubin’s article in [?]).
J. Coates writes in [?] (1984) that “In conclusion, I want to stress that there would be great
interest in finding a formulation of the Main Conjecture for the Iwasawa module Sel(E/k∞ ),
where k∞ = k(Ep∞ ) and p is a prime above which E has ordinary reduction, when E does not
admit complex multiplication” (Notation changed by the author). If E does not have complex
multiplication, then a famous theorem of Serre says the image of ρ is open in GL2 (Zp ) ([?]),
hence in particular the Galois group Gal(k∞ /k) is not abelian. As a result the Iwasawa algebra
Λ(G) is not a commutative ring, which has been one of the difficulties in this Iwasawa theory.
In [?] Harris established a basic framework of the theory with important results. Let G0 be the
Galois group Gal(k∞ /k0 ). Then G0 is a uniform pro-p group ([?]). Let us recall the definition.
A pro-p group G is called powerful if [G, G] ⊂ Gp ([G, G] ⊂ G4 if p = 2) and uniform if it is
×p
powerful and Pi (G)/Pi+1 (G) → Pi+1 (G)/Pi+2 (G) is isomorpshim for any i ≥ 1, where {Pi (G)}
are the lower central p-series defined by P1 (G) = G and Pi+1 (G) = Pi (G)p [Pi (G), G] for i ≥ 1.
4

Putting Gi := Im(ρi : Gk → Aut(E[pi+1 ]) = GL2 (Z /pi+1 Z)), {Gi } forms the lower central
p-series for G0 .
One merit to have G uniform is that Λ(G) is an integral domain, and Noetherian by Lazard,
so that it has a quotient field (uniquely determined) Q(Λ), and we define the Λ-rank of M to
be dimQ (Λ)(M ⊗Λ Q(Λ)) for any finitely generated Λ-module M . Assume k = k0 so that G is
uniform. Harris showed the following in [?] and [?]:
• A finitely generated Λ-module M has rank r if and only if the Zp -rank of MG(k∞ /kn ) is
p4rn + O(p3n ) for n  0.
• If E has ordinary reduction over p, then for each n the natural map
Sel(E/kn ) → Sel(E/k∞ )G(k∞ /kn )

(9)

has finite kernel and cokernel, the numbers of the generators of which are bounded independently of n.
• Let L∞ be the maximal unramifiued abelian p-extension of k∞ . Then the Λ-module
Gal(L∞ /k∞ ) is finitely generated and torsion over Λ. (cf. [?] for another proof.)
Thanks to Theorem ?? we are able to determine the rank of other modules appearing in the
long exact sequence:
M
∨
0 → Sel(E/k∞ ) → H 1 (GS (k∞ ), Ep∞ ) →
H 1 (k∞,v , E)(p) → (lim
←− Sel(kn , Tp E)) → 0.
v∈S

Theorem 3.4 ([?], [?]) If E has good ordinary reduction over p and k = k0 , then
M
rkΛ (H 1 (GS (k∞ ), Ep∞ )∨ ) = rkΛ (
H 1 (k∞,v , E)(p)∨ ) = [k : Q]
v∈S

where Λ = Λ(G(k∞ /k)) and rkΛ denotes the Λ-rank.
For this result it does not matter whether E has CM or not. Assume from now on that
E has no complex multiplication and good ordinary reduction over p. Assume now also
that Sel(E/k) is finite. Then Sel(E/kcycl ) is cotorsion and the theorem of Perrin-Riou and
P. Schneider tells that its characteristic polynomial Fsel (T ) has a value at T = 0 which
is equal to χ(Γ, Sel(E/kcycl )) = #Sel(E/kcycl )Γ /#Sel(E/kcycl )Γ also p-adically approximating the value L(E, 1) ([?] 4.1). Coates and S. Howson have calculated χ(G, Sel(E/k∞ )) =
Q4
i
(−1)i
under the same assumption but k = k0 need not be assumed.
i=0 (#H (G, Sel(E/k∞ )))
The result they have obtained is similar to χ(Γ, Sel(E/kcycl )):
Theorem 3.5 ([?]) Under the assumptions above,
Y
Y
Y
2
|cv |−1
|Lv (E, 1)|p .
χ(G, Sel(E/k∞ )) = #T S(E/k){p}
|#Ẽ(kv )|−2
p ×
p /(#E(k){p}) ×
v

ν|p

v∈S

For the notation we would like the reader to refer to their paper [?]. This result indicates some
still hidden connection of this theory with a p-adic L-function. The next theorem on the Selmer
group is the following due to Greenberg:
Theorem 3.6 ([?] Theorem 6) dimQp (Sel(E/k∞ )∨ ⊗Zp Qp ) = ∞.
For a proof see the Appendix in [?]. Note that dimQp (Sel(E/kcycl )∨ ⊗Zp Qp ) < ∞ if it torsion
as is seen from the structure theorem. In particular shows that we have always Sel(E/k∞ ) 6= 0.
Another one is:
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Theorem 3.7 ([?]) If E does not have CM and G = G(k∞ /k) has no p-torsion elements, and
Sel(E/k∞ )∨ is torsion over Λ(G), its Λ(G)-projective dimension is 2.
In lack of a good structure theorem, as an alternative approach there is U. Jannsen’s homotopy
theory of Iwasawa modules, in particular Galois groups as Iwasawa modules (the classical case).
Results obtained in [?], [?] and [?] depend on the work of Jannsen and its applications to the
Iwasawa theory of elliptic curves. Jannsen defines the stable category of finitely generated
Λ-modules and on the category a few functors are defined (see [?], [?] V or [?]). Here we are
only interested in the “transpose functor” D. Using this functor we have the following exact
sequence:
0 → E1 (DM ) → M → M ++ → E2 (DM ) → 0.

(10)

It turns out that E1 (DM ) is the set of all torsion elements in M (note M ++ is torsion free).
For the study of Iwasawa modules in commutative cases, the notion of “pseudo-null module”
plays an important role, as is seen above. It was missing in the noncommutative case but
O. Venjakob has succeeded in giving the generalized definition of “pseudo-null” module in his
Heidelberg PhD thesis [?] with a help of previous work of J-E. Björk. Let Λ be a Noetherian
ring with finite global dimension d = gl.dim(Λ) < ∞. According to [?] 1.5, M has a canonical
filtration of Λ-modules:
T0 (M ) ⊂ T1 (M ) ⊂ · · · ⊂ Td1 (M ) ⊂ Td (M ) = M.

(11)

Then the number δ := min{i|Ti (M ) = M } is defined to be the dimension of M and M is
defined to pseudo-null if dim(M ) ≤ d − 2. These definitions coincide with the usual ones
when Λ is commutative. For its applications to Iwasawa theory Venjakob has proved that the
Iwasawa algebra Λ(G) is an “Auslander regular ring” ([?] 1.5.27), where G is a compact p-adic
analytic group without p-torsion elements. The notion and theory of pseudo-null modules being
available in the GL2 Iwasawa theory, the analogue of the theorem of Perrion-Riou (Theorem
??) has been proved:
Theorem 3.8 ([?] 5.1) Assume that G = G(k∞ /k) has no p-torsion elements and Sel(E/k∞ )∨
is torsion over Λ(G). Then it has no nonzero pseudo-null Λ(G)-submodule.
This theorem brings the following
Theorem 3.9 ([?] 6.1) Assume that k = k0 and Sel(E/kcycl )∨ is torsion over Λ(G(kcycl /k))
with µ-invariant equal to 0. Then Sel(E/k∞ ) is torsion-free as a Λ(H)-module, where H =
Gal(k∞ /kcycl ).
It is Coates and Howson who showed that under the assumption in Theorem ??, Sel(E/k∞ )∨
is finitely generated over Λ(H) ([?] 6.4), and it was Coates’ idea that Theorem ?? should hold.
Let us have a look at the structure theorem (??). It shows that any torsion-free Zp [[T, S]]module is embedded into a reflexive module with a pseudo-null cokernel. We are also able to
have this in our situation, for the exact sequence (??) says there is
M ,→ M ++ → E2 (DM ) → 0.

(12)

It is proven that M ++ is reflexive and for any finitely generated module M , and Ei (M ) is pseudonull for any i ≥ 2 ([?] 3.3). From now on let G denote a compact p-analytic group without
p-torsion elements and Λ = Λ(G). The following was predicted by Coates:LAny p-torsion
n
finitely generated Λ-module should be isomorphic to an “elementary module” j=1 Λ/pmj up
to pseudo-null modules. Of course this is true in the commutative cases. Let Λ − mod be the
category of finitely generated Λ-modules. For this question Venjakob has obtained the following
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Theorem 3.10 ([?] 1.5.37) Let Λ − mod(p) be the subcategory of Λ − mod consisting of all
p-torsion modules and P N (Λ)(p) the subcategory of Λ − mod(p) consisting of all pseudo-null
submodules. Then in the quotient category Λ − mod(p)/P N (Λ)(p) there is an isomorphism:
M≡

n
M

Λ/pmj .

j=1

Ln
Note that this isomorphism does not imply existence of Λ-homomorphism from M to j=1 Λ/pmj
with pseudo-null kernel and cokernel. There {mj } is determined uniquely and the number
Σnj=1 mj is defined to be the µ-invariant of M . This µ-invariant behaves similarly as in the
commutative cases. For more about this µ-invariant, see [?] 1.5.3.
After this, Schneider has succeeded in generalizing Venjakob’s theorem to general torsion modules by showing that the Iwasawa algebra Λ(G) satisfies the axioms of a general class of rings
(noncommutative Krull rings) first studied by M. Chamarie and then by appealing to a structure
theorem for those rings proven by Chamarie ([?]) (Email communication):
Theorem 3.11 (Chamarie, Schneider) Let Λ − mod(tor) be the subcategory of Λ − mod
consisting of all torsion modules and P N (Λ) the subcategory of Λ−tors consisting of all pseudonull submodules. Then in the quotient category Λ−mod(tor)/P N (Λ) every Λ(G)-torsion module
M is isomorphic to a direct sum of cyclic modules:
M≡

n
M

Λ/aj .

j=1

Recall that a (left) Λ-module M is cyclic if M ∼
= Λα for some
Ln α ∈ Λ. Again the isomorphism
does not imply existence of Λ-homomorphism from M to j=1 Λ/aj with pseudo-null kernel
and
say f , gives a morphism M 0 →
Ln cokernel. What can be said from this is the isomorphism,
0
Λ/a
with
a
pseudo-null
cokernel,
where
M
is
some
submodule
of M with the pseudoj
j=1
−1
null
Also f gives N → M with a pseudo-null cokernel, where N is some submodule
Lquotient.
n
of j=1 Λ/aj with the pseudo-null quotient. Nonetheless these results seem to show at least a
beginning of obtaining a good structure theorem and a Main Conjecture in the GL2 Iwasawa
theory.

4

Final Remarks

The books [?] and [?] (Chapters V and XI), Greenberg’s article [?], and Iwasawa’s paper [?]
are recommended for original Iwasawa’s theory. For a general introduction to Iwasawa theory
for elliptic curves we recommend Greenberg’s [?], Coates’ article [?] and articles in Springer
Lecture Notes (LNM) volume 1716 “Arithmetic Theory of Ellitpic Curves” ([?]).
The p-adic Tate module Tp E of an elliptic curve over k is a two-dimensional Galois representation of Gk . Iwasawa theory has been generalized to p-adic Galois representations coming from
motives ([?], [?], [?], [?]). So it would be interesting to consider Iwasawa modules attached to
p-adic representations over general p-adic Lie extensions. For this see [?], [?], [?] and [?].
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