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CHAOS, SHADOWING AND HOMOCLINIC ORBITS

KEN PALMER

ABSTRACT. The subject of this article is discrete dynamical systems or, more
precisely, diffeomorphisms in IR™. We describe the notion of a hyperbolic set,
the most important property of which is the shadowing property. We give
a proof of the shadowing theorem. Then we show how shadowing can be
used to prove that chaos occurs near a transversal homoclinic orbit. Finally
we show that shadowing can be used to give computer-assisted proofs of the
existence of such orbits. This is a report of my own published work, alone
or in collaboration with B.A.Coomes and H.Kogak. However the proof of the

Shadowing Theorem (Version 2) given below is new.

1. HYPERBOLIC SETS AND SHADOWING

Let f: IR® — IR™ be a diffeomorphism. First we give the definition of hyperbolic

set.

Definition 1. A set S C IR" is said to be a hyperbolic set if it is invariant, that is,
f(S) =S, and there is a splitting

R" = E°(z) & E*(z), v € §

such that the subspaces E®(x) and E“(z) have constant dimensions and have the

invariance properties
Df(x)(E*(x)) = E°(f()), Df(x)(E*(x)) = E*(f(z)), z€S
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and there are positive constants K and A < 1 such that for ¥ > 0 and x € S

IDF*@)Ell < KX*[g]l for € € B*(x) and [|Df ()¢l < KN[lg]| for € € EY ().

Next we define the notions of pseudo orbit and shadowing.

Definition 2. Let f:IR" — IR" be a C! diffeomorphism. A sequence {y;}?>
of points is said to be a § pseudo orbit of f if

— 00

lyke1 — flye)|| <6 for k € ZL.

Definition 3. An orbit {x;}32 __ of f, that is, 2541 = f(xy) for all k, is said to
e-shadow the ¢ pseudo orbit {y,}pe_  if

||ac;€ —ka <e forkeZ.

The Shadowing Theorem (Version 1): Now we state our first version of the

shadowing theorem in which we consider a single pseudo orbit.

Theorem 1. Let {y;}>° __ be a bounded § pseudo orbit of a C* diffeomorphism

k=—oc0
f:IR" = 1R".
Let L: £>°(ZZ, R™) — £>°(Z, R™) be the linear operator defined for u = {uk}:i'ioo
by

(Lu)g = uk+1 — Df(yg)ur  for k € ZL.
Suppose that L is invertible, set
e=2|L7"s
and define the modulus of continuity
w(e) =sup{[|Df(z +yx) = Df(ye)ll : lxl < e, k € Z}.

Then if
2| L7 w2 L7H)8) < 1,

there is a unique true orbit {z;};>°  of f which e-shadows {y;}>° __, that is,
41 = f(zg) for all k and

|k — gl <e=2|L7Y0 for k € Z.
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Proof. We need to find a sequence {x;};>° _ such that for all k,

S
Tpt1 = f(zr) and  ||zg — il < e.
Write
Zk = Tk — Yk-
Then for all k, ||zx|| < ¢ and
zp+1 = Df(yr)zi + gr(zi),

where

gk(2) = f(z + k) — f(ye) — Df(yx)z + f(yx) — f(Yr+1)-

So we need to find a solution z = {2 };>° __ in ¢>°(Z, R") of

Lz = g(z)

such that ||z|| < e, where

[9(2)]k = g (21)
and

1z[| = sup |z

keZ
We write this equation as
z="Tz=L"g(z).
Note that
l9(0) <6, Dg(0)=0 and [[Dg(z)]| <w(e) if [z <e.
If z is a sequence with ||z|| < &, then
IT@)] < IL7 lg(z)|l < [L7HI[0 +w(e)e] < e
and if z and w are sequences with ||z]| <e, [|w| <¢,
_ _ 1
IT(z) = T(w)| < IL7lg(z) = g(w)|| < L7 lw(e) |2 = Wl < S llz = w.

Then the theorem follows using the contraction mapping principle applied to T
The Shadowing Theorem (Version 2): Now we give the second version of the
Shadowing Theorem. This one deals with a hyperbolic set.

Theorem 2. Let S be a compact hyperbolic set for a C* diffeomorphism f : IR" —
IR™. Then there exist positive constants 6g and M such that any  pseudo orbit of
fin S with 0 < &g is e-shadowed by a unique true hyperbolic orbit of f with

e = Mo}.
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Proof. Let S be a compact hyperbolic set for a O diffeomorphism f : R™ — R™.
Suppose U is a bounded convex open set containing S. If {yx}3>
orbit in S, then when k > m

_ oo is @ 0 pseudo

(1) e = 57" () | < (14 My 4+ MET™TH),
where the right side is interpreted as zero when k = m and
My = sup ||Df(x)]|
zeU
Inequality (1) follows by induction on k using the estimate

ly+r = FE )l < Nyrrr = £l + 1 () = £ ()

<6+ Millye — f5™(ym)]-

—+oo

We fix a positive integer m to be determined later and define a sequence {2}, 2>

as follows:

2 = fF (ypm)  for rm <k < (r+1)m, r € Z.
Then it follows from (1) that for all k
lzk — el < (1+ My + ...+ M{""?)6.

We now show under certain conditions on § and m that the linear operator
L: 0>°(Z, R™) — (>(Z, R™) defined by

(2) (Lu)g = upy1 — Df(zp)ug  for k € Z

is invertible and also obtain an upper bound for the norm of its inverse. To this

end, we define the projections
B =P (yem)

for rm < k < (r +1)m and r € ZZ. Here P(z) is the projection with range E*(x)
and nullspace E*(x). It is well-known (see, for example, Palmer [2000]) that P(x)

is a continuous function of z. Note, using (1), that
(3)

T r+1 m m—
[P = D = PG @) =Py 13| < 61 = (MM 1)),

where w(-) is the modulus of continuity for P(:) on S.

To show that the operator L has an inverse, we look for a unique bounded solution

of the difference equation

(4) g1 = Df(zi)ur + g, k € Z,
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where {g), }}>° __ is an arbitrary bounded sequence. On any interval [rm, (r+1)m),

for given &, € R(PT%)) and 1,41 € N (P((:J)rl)m>7 (4) has a unique solution ug)
satisfying
sz’zugcf)l = €r; (I B P((:j—l)m)ugil-l)m = Nr+1-

This solution is given by
u’(cr) - ugﬂ)(&’ 77r+1) = @(T)(k’ Tm)fr + (I)(r)(kv (T + 1)m)77r+1

k—1
+ 3" o0 (ke +1)P g0

(5) l=rm
(r+1)m—1
- Y (k1) (I - P}fl) g,
=k
where

CD(T)(]C, g) _ kafé(féfrm(yrm))
is the transition matrix for the difference equation
upy1 = Df(zr)ur, k € Z

on the interval [rm, (r +1)m]. Note, in fact, that all solutions of (4) on the interval
[rm, (r41)m] can be represented in the form (5). Note also that ||P(z)]| is bounded
and so we can adjust K so that the inequalities in Definition 1 imply that for & > 0
and x € S

IDf(@)P(2)]| < KX* and [|Df"(2)(I = P(x))| < K",

Now we estimate

(6)
k—1 (r+1)m—1
g < KA | KA R+ | STENTT Y KXR g
{=rm L=k
< K[lI&nll + e ll] + K [(1=2) 712 = A7) 4 A1 = A)7H (L = Arrm=h] g
< K[I&e Nl + e ll] + KL= N)7H 1+ V) gll,
where [|g|| = supcy ||gk|| is the norm in ¢*°(Z, IR™). So we will have a unique

bounded solution if and only if there exists a unique bounded sequence {(&,, 7, ) }22

r=—o00
such that
ult V(& me) = ul) (G mrrn)

for all r. This latter equation can be written as

§r — N — (P(T_l)(rm7 (’I“ - 1)m)£r71 + (I)(T) (Tm7 (T + 1)m)77r+1 = Cr,
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where
rm—1 (r+1)m—1
(7) ¢ = Z =Y (rm, £41) Pe(:ll g+ Z ") (rm, 0+1)(I Pe(z)
{=(r—1)m l=rm
Now denote by X the Banach space of bounded sequences {(&,,7,)},2° ., where

& € R(P,S;ﬁ)), S N(Pr(zl_l)), with norm
e fsup 16, sup [
re reZ
We define the operator T : X +— (*°(Z,IR™) by
{(& )= e = {6 == @D (rm, (r=1)m)& 1 +@) (rm, (r+1)m) 0,41 122 .
Then we need to solve the equation
T{(fmnr) :_;.O—oo =C,

where ¢ = {c, };1>° _ is in £>°(Z,IR"™) because

r=—o00
rm—1 (r+1)m—1
||Cr|| < Z K)\rm7€71+ Z K)\Z%»lfrm Hg”
{=(r—1)m l=rm

=K [1-0)T1 =AM+ A1 =)= am)] gl

SKQ-XN"11+ M)l

To show that T is invertible, we consider another operator Ty : X — (°(Z,R"™)
defined by

{(& ) e — & — e 22 e

To show this operator is invertible, we use the following lemma.
Lemma 1. Let P and Q be projections such that ||P — Q|| <6 < 1. Then
R" = R(P) s N(Q)
and if R is the projection on to R(P) along N(Q), then
IR— P <o —=0)7HPl, [R-Qll<d1-0)~Q]
Proof. Suppose x € R(P) N N(Q). Then
z]| = [|(P — Q)z[| < [|P = Qlll|lz]| < dll=|
and so z = 0. Next suppose x is orthogonal to R(P) & N(Q). Then

2*Px=0, z*(I—-Q)x=
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and so
2]? = 2"z = 2" Qz = 2*(Q — P)z < ||Q — P||lz]|* < 6]|=|]?
and so z = 0. Thus R" = R(P) & N(Q).
Next note that
RP=R, PR=P, RQ=Q, QR=R.
Then
|IR=P|=(Q—P)R|=[(Q - P)(R~P)+(Q— P)P|| <J|R—P| +4||P|
and so
IR =Pl <d6(1—8)~ P
Similarly,
IR=Qll =[RP -Q)=[(R-Q)(P—-Q)+Q(P —Q)| <d[R~-Q[+3]Q
and so
IR=Ql <1 -~ Qll.

Thus Lemma 1 is proved.

If the §; in (3) satisfies

1
(9) 51 S 5)
we may use Lemma 1 to deduce that the solution of the equation (here c is arbitrary)

TO{(frvnT) r;.o—oo =C,
which written in components is
gr — Ny = Cp,
is given by
& = Recp, mp = _(I - RT‘)CTa

where R, is the projection with range R(PT(Q) and nullspace N/ (Pr(zl_l) ). Also from

Lemma 1
IR < IRy = PSI+ PG < [61(1=60) " + 1] PG < [1+6:(1—61) 71K < 2K.

Similarly,
11 = Rl < IR, — P + 1T — P < 2K.
It follows that Ty is invertible with

175 < 2K.
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Next note that since
120D (rm, (r — ym)&r—1]| < KA™[|€—1]| and (|1 (rm, (r + 1)m) 1,41
< KXN™||p41||, we have

IT - Tol| < KX™.

So if

(10) 2K - KA™ < %

T is invertible with

(11) IT7H < (1= 1T = TolllITg DM T | < 4K.

Now if we take {(&., 1) }52° . = T~ 'c, where c is defined in (7), then u,(f) as

defined in (5) gives the unique bounded solution of (4) and, using (6), (8) and (11)

we estimate
11 < 2K [ fle] + (1= 27" 1+ M)gll < K1+ 8K%)(1 =3 g]-
It follows that the operator L is invertible and
I < K(1+8K2)(1— M)~
Finally let L be the operator as defined in Theorem 1. Note that
IDf(yr) = Df(z1)] < b2 = wo((1 + My + ... + M{""?)0),
where wq is the modulus of continuity of Df on S. It follows that
1L = L|| < 6.

Then if

—_

(12) K1 +8K?*)(1—-X\)"10 < =

[\)

the operator L is also invertible and
1LY < M2,

where
M =4K(1+8K?)(1-\)"1

Now choose m as the smallest positive integer such that (10) holds and then choose
dp as the smallest § such that (9), (12) and

MwO(Md) S 1
hold. Then if § < dg, we know that L is invertible with ||L7!|| < M/2 and

2| L7 lwo (2L 18) < 1.
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Then it follows from Theorem 1 that there is a unique true orbit {z;};>° _ of f

which e-shadows {yx}7>° __, where ¢ = 2||[L7!||0 < M§. This completes the proof

k=—00"

of the theorem.

2. TRANSVERSAL HOMOCLINIC POINTS

In this section we use shadowing to show that a diffeomorphism has chaotic be-
haviour in the neignbourhood of the orbit of a transversal homoclinic point. Then

we exhibit some diffeomorphisms which have transversal homoclinic points.

Definition 4. Let f: IR™ — IR™ be a diffeomorphism. A point ¥ is said to be a

homoclinic point with respect to the fixed point zq if
fFyo) = 20 as k — +oo.
If, in addition, the compact invariant set
S =A{xo} U{f*(wo) : k € Z}
is hyperbolic, we say the homoclinic point is transversal.

Note that transversality is usually defined in terms of the tangent spaces to the
stable and unstable manifolds. The definition given above is equivalent and is more

suited to our purpose here.

2.1. Symbolic dynamics near a transversal homoclinic point. Theorem 3
(Poincaré-Birkhoff-Smale). Let o be a hyperbolic fized point of the C diffeo-

morphism f: IR"™ — IR™ with associated transversal homoclinic orbit

{ue = " (0) 2 o

Then there is a set S near o and a positive integer J such that f7(S) = S and
f7: 8 S is topologically conjugate to the shift on two symbols, that if, if ¥ is the

set of doubly infinite sequences {e;};°°_ of 0’s and 1’s endowed with the discrete

1=—00

topology, there a homeomorphism h : % — S such that
hoo=f’oh,
where o : X +— X is the shift
o({ei}) = {eis1}.
Thus f is chaotic on S.

Proof. We choose m > 0 so that

£ (o) — zoll < 6/2,  [1f 7™ (yo) — zoll < 6/2,
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where ¢ > 0 is small enough to apply the Shadowing Theorem (Version 2) to the
hyperbolic set

S = {20} U{f"(yo) : k € Z}
and such that 2M¢§ < ||z — yoll-

The symbol 0 corresponds to an orbit segment

(13) {zo,...,xo}

with 2m + 1 points and the symbol 1 to an orbit segment

(14) {F7™Wo)s - 905 f™ (o}

We construct a § pseudo orbit by stringing these orbit segments together.

—+o0

=2 of zeros and ones. If e; = 0 we take the orbit

Consider a sequence e = {e;
segment (13) and if e; = 1 we take the orbit segment (14). By the Shadowing
Theorem, there exists a unique true orbit which e-shadows this § pseudo orbit with
e=Myj.

Then we define h(e) as the point on this orbit which shadows the first point in the

orbit segment corresponding to ey. By uniqueness, it follows that
h(o(e)) = [ (h(e)).

Since ¥ is compact Hausdorff, to prove that h is a homeomorphism we need only

show that h is one-one and continuous.

Suppose h(e) = h(é) but e # é. Then there exists i such that e; # é;. Without loss
of generality, we can suppose e; = 1 and é; = 0. Let z; = f*(h(e)). Choose kg so

that zp, shadows the midpoints of the segments corresponding to e; and €;. Then
2o — yoll < M6 and ||z, — zol| < M§

so that
on - yOH S 2M67

which contradicts our choice of §. Hence h is one-one.

To prove h is continuous, we proceed by contradiction. Suppose there exists e and

£ > 0 and a sequence ¢(”) — ¢ as p — oo but for all p
1h(e®)) = he)]| > e.
Write z, = h(e(p)). By compactness, there exists a subsequence z;, — 2. Then

(15) Iz = he)]| = e
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(dp)

Since eUr) — e, e;”* = e; for |i| < I if p is sufficiently large. Then, if y; is the

pseudo-orbit corresponding to e,

1£5(5,) = wl < Mo for k| < (2m+ 1)1
if p is large. Letting p — oo, it follows that

1£5() = yull < M5 for [k < (2m+ 1)L

This holds for all I. So by uniqueness, z = h(e), which contradicts (15). Hence h

is continuous and the theorem follows with J = 2m + 1.

2.2. Finding Transversal Homoclinic Points: the Melnikov method. It is
not easy to write down a diffeomorphism with a transversal homoclinic point. The
idea of the Melnikov method is to begin with a non-transversal homoclinic point
(it is very easy to write down examples of such) and perturb it so it becomes
transversal. We state the theorem without proof (see, for example, Palmer [2000]

for a proof).

Theorem 4. Let g : R?2 — IR? and h : R — IR? be C? functions such that for a

positive number T
h(t+T) = h(t)
and the autonomous system
&= g(x)

has a saddle point xo with associated homoclinic orbit ((t). Then
(a) for u sufficiently small the period map of the system

(16) & = g(x) + ph(t)

has a unique hyperbolic fixed point x(u) near xo;

(b) if we set

Afa) = [~ e ISP g (e 4 ) )

(note if a and b are vectors in R2, then a Ab = a1by — agby) and there exists c
such that

A(ag) =0, Al(ag) #0,

then for p sufficiently small but nonzero the period map for (16) has a transversal

homoclinic point y(u) near ((ag) associated with the hyperbolic fized point x(w).
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Example 1. The second order equation # + 223 — x = pcost can be written as

the system
Ty =x2, To=1=T1 — 295? + pcost.
(0,0) is a saddle point for the autonomous system
Sblil’g, 5.6211’1721"?

and (£(t),£(t)), where £(t) = secht, is an associated homoclinic orbit. The Melnikov

function is

Ala) = / secht sin(t — a)dt.

—0o0

We see that A(0) =0 and

A'(0) = 7/ sechtcostdt # 0.

—0o0

Hence the conclusions of the theorem apply with ag = 0.

Here is a similar kind of result where now the system is slowly varying. The first
such results seems to have been proved by Cherry and later Kurland and Levi.
We state the theorem without proof. (For more information about these kinds of
results see, for example, Battelli and Palmer [2001, 2008].)

Theorem 5. Suppose g(x, ) is periodic in « and for each fixed o the planar system
z=g(z, )
has a saddle point x = w(«) (periodic in «). Suppose next for some g, the equation
&= g(z,a0)
has a solution xy(t) such that
xo(t) — w(ag) as |t| — oo.

Denote by 1(t) the unique (up to a scalar multiple) nonzero bounded solution of the
system adjoint to
= go(2o(t), ag)x.
Then if
a7) | @galanlt).aoit £0,
the period map for
& = g(x,et)

has a transversal homoclinic point when € > 0 is sufficiently small.



CHAOS, SHADOWING AND HOMOCLINIC ORBITS 13

Remark 1. Condition (17) implies that the saddle point connexion zo(t) for

& = g(x,ap) breaks as a passes through «p.

Example 2. The second order equation # + a(et)i + 223 — x = 0, where a(a) is a

periodic function with a(0) = 0, a’(0) # 0, can be written as the system
il = T, ZiJQ = 7&(62&)1‘2 — 21‘? +x1.
For all «, (0,0) is a saddle point for the autonomous system
B =29, dp = —a(a)ry + 1 — 223
and, when o = 0, zo(t) = (£(t),£(t)), where £(t) = secht, is an associated homo-
clinic orbit. In this case the integral in (17) is
0 .
a/(0) / E()2dt 4 0.
—o0

Hence the conclusions of the theorem apply with oy = 0.

3. FINDING HOMOCLINIC ORBITS BY NUMERICAL SHADOWING

In this section we show how shadowing ideas can be used to construct diffeomor-
phisms with transversal homoclinic points associated with fixed points. We will
construct these homoclinic orbits by shadowing pseudo homoclinic orbits, which

we now define.

Definition 5. Let zg be a hyperbolic fixed point of a C? map f: R® — IR". A

sequence {yk};::oofoo is said to be a § pseudo homoclinic orbit with respect to xq if

(1) llyr+1 — flye)|| <9 for k € Z,

(i) yx = xo for k < p and yp = xo for k > ¢ for some integers p < gq.

“+o0

222 s we define the linear

For a given bounded ¢ pseudo homoclinic orbit {yx}
operator L: {>°(Z, R"™) — (>(Z, R™) by

(Lu)y, = upt1 — Df(yr)uy, for k € Z,

where u = {uy};>° € ¢>°(Z, R"). Set

k=—o
M = sup{||D*f(z)|| : z € R"}.

Theorem 6. Suppose f: IR" — IR" is a C? diffeomorphism and xq is a hyperbolic
fized point of f. Let {yn};>° _ be a & pseudo homoclinic orbit of f with respect to

k=—o0

xo. Then if L is invertible and

2M||LY|%0 < 1,
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+oo

hoo o 18 e-shadowed by a unique true hyperbolic

(i) the pseudo homoclinic orbit {y }

orbit {zx}2° __, where

e =2||L716,
that is, for all k, zi11 = f(2x) and

2k — yxll <&
(ii) moreover, if

lyk — @0l > €

for some k with p < k < q, the point zy is a transversal homoclinic point with

respect to the fixed point xq.

—+o0

>0 shadowing {yx }>° __ follows

Proof. The existence of a unique true orbit {2}
from the Shadowing Theorem (Version 1). To prove it is hyperbolic, according to
Slyusarchuk [1983], it is enough to show that the linear operator T': ¢£>°(Z, R") —
£0>°(ZZ, IR™) defined by
(Tu)k = ups1 — Df(zp)ur for k€ Z
is invertible. Note that
T = Ll < sup [|Df(zx) — Df (y)l| < Me
kEZ
so that
1T = LYIIL7H| < Mel|L™H| = 2M||L7H*6 < 1.
Hence T is indeed invertible and the hyperbolicity follows.

Next we show that zp — x¢ as |k| — oo. To this end, we prove that {zo} is the
maximal compact invariant set inside the open ball with centre zoy and radius

2

€0 = —7".
ML=

We define the bounded linear operator L: £>°(Z, R™) — (> (Z, IR") by

(Lu)g = upe1 — Df(xo)uy,  for k € Z.
By hypothesis, L is invertible. Now we show that L is invertible and that
LM < 127
Let g = {gk};:ioo € (>*(Z, R™). For r a natural number, the difference equation
Vg1 = Df(yx)vk + gx—r, k € Z

has a solution v,ir) such that for all k&

o1 < 127 llgll-
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Take u,(:) = v,&?r. Then u,(:) is a solution of

(18) USL = Df (yrr)uy” + gn

such that

(19) I < L Wligl - for k€ 2.

Next, by Cantor’s diagonalisation procedure, we can find a subsequence u,(cj R U,

as r — oo for each k. Then letting » — oo in (18) and (19) (with r replaced by j,),

we obtain

U1 = Df(wo)ur + gk
and
(20) [l < 1L Il

for k € 7Z. So for arbitrary g, the difference equation
(21) U1 = Df(xo)ur + gk
has a solution bounded on (—oo, 00). Thus L is onto.

To show that L is one to one, let P be a projection onto the sum of the generalized
eigenspaces corresponding to the eigenvalues of A = D f(x() inside the unit circle
with kernel the sum of the generalized eigenspaces corresponding to the eigenvalues
outside the unit circle. Then there exist positive constants K and A < 1 such that
for k>0

(22) |ARP| < KXF,  ||A™F(I — P)|| < K",

The difference u between two bounded solutions of (21) would be a bounded

sequence satisfying
_ Ak, _ Ak k
ug = Aug = A" Pug + A%(I — P)uy.

If Pug # 0, then ||A*Pug|| — 0 as t — oo and ||AFPuyg|| — oo as t — —oo;
on the other hand, if (I — P)ug # 0, then ||A*(I — P)ug|| — 0 as t — —oo and

| A*(I — P)ug|| — oo as t — oo. It follows that ug = 0. Hence L is one to one.
Thus L is invertible so that the equation
ug1 = Df(zo)ur + gr, k € Z

has the unique bounded solution (L~'g)x. Thus Ty = (L~'g)r. Then it follows
from (20) that
IL=H < 127
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Now let wy be an orbit of f such that supycy ||wr — xo]| < €. Then if we write

uR = Wi — Tg, we see that

g1 = D f(xo)ur + gr(uw),

where
ge(u) = f(u+zo) — f(20) — Df(zo)u.
Note that
los ()] < 5 Ml
Thus

Lu = g(u),
where g is defined for u = {u}}/>° __ by
l9(a)i = gr(uk).

Then the equation can be written as

u=L""g(u)
and hence

) < 1215 Ml

Therefore if |Ju]| #0

~ 4,1 1
1< 5 Mlall < 127 5 M.

From the definition of €¢, the latter is not possible and so ||u|| = 0. It follows that
{zo} is the maximal compact invariant set inside the open ball with centre zy and

radius &g.

Now to prove that ||z — xo|| — 0 as |k| — oo, consider the w—limit set Q of 2.
Since ||z — zo|| < € < g for all k, it follows that €2 is contained in the open ball of
radius g with centre zg. So we deduce that Q@ = {x¢}. It follows that ||zx — o] — 0

as k — oo. Similarly, we can prove that ||z — zo|| — 0 as k — —oo.

The proof of Theorem 6 is completed by observing that the condition in (ii) ensures
that the orbit {23}, °° __ is distinct from the fixed point.

k=—o00

There are two main issues involved in applying Theorem 6. First we must find
a ¢ pseudo homoclinic orbit with a suitably small §. Second we must verify the

invertibility of the operator L and find an upper bound for the norm of its inverse.

Finding Pseudo Homoclinic Orbits: A Global Newton’s Method
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First we describe how pseudo homoclinic orbits can be found. Let zg be a hyperbolic
fixed point of f. Choose a point gy near zy and find a positive integer J such that
77 is “fairly” close to xg, where 7, = f*(fjo) as calculated by the computer. Form

the crude (that is, large ¢) finite pseudo orbit

mOa"'7x07?j07gla"'7gJ7I07~'-az0

by adding a suitable number of zy’s to both ends. Denote this extended finite
pseudo orbit by {gx}{_,.

We want to replace this pseudo orbit by a nearby one with a smaller § and with

the same endpoints. Ideally, we would like a sequence {yk}Z:p such that y;, is near

Yr with

(23) Y1 = f(ye), k=p, ..., q—1
and

(24) Yp = Lo, Yq = ZTo-

We write

(25) Yk = Yk + Skuk,

where {Sk}Z:p is a sequence of orthogonal matrices defined recursively by the

Gram-Schmidt process:
Df(gk)SkZSkJrlAka k:pa"'vq_]-?

where Ay, is upper triangular. Then if we make the substitution (25) in (23), we

obtain for k=p,...,q—1:

Ykr1 + Skr1ursr = (Y + Spug).
Linearizing as in Newton’s method, we obtain the approximate equation:
Uk+1 + Skr1uks1 = f(Uk) + Df (k) Skur
and so
(26) U1 = Agug + gr,
where
9k = Siy1lf (Gr) — Ur41].
Notice that
lgell <6, k=p,....q-1,

since {gx }{_, is a 0 pseudo orbit.
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For ease of exposition, we now restrict to n = 2. So let

ap by
0 Ck

Then, in components, (26) takes the form

o = ounl? 4?2 = cf? 5 f?

A =

Enforcing (24) would require too many conditions. The best we can do is demand
that

uz(f) =0, u((zl) =0.

Note that because of the hyperbolicity, we expect that |ax| > 1, |cg] < 1 for most
k. Then we solve
2 2 2
2 = cf? 44

()

é,z) = 0. Next we substitute u, ’ into

forwards starting with u
o = awsl?) + b+ f?
and solve backwards starting with ugl) =0.

The new pseudo orbit is {gx + Skuk}Z:p. The procedure is repeated until it con-

verges. The final § should be small enough to apply the theorem.
Invertibility of L.

To verify the invertibility of L and find a computable upper bound for ||L~1||, we
first triangularize the matrices Y, = D f(yx) (note for ease of exposition we ignore
the roundoff error arising from the calculation of Df(yg)), where we know that
Yy = Df(xo) for k < p and k > ¢. First we find an orthogonal matrix T" and an

upper triangular matrix B such that
Df(xo)T =TB.

We can assume that the diagonal entries of B are in order of decreasing modulus.
Then we take

S,=T for k<p+1l, Ax=B for k<p

and we apply the Gram-Schmidt procedure to get orthogonal matrices Sy and upper

triangular matrices A such that
Yy Sk = Sky1 A

starting with & = p+1. We repeat this for higher values of k£ until we find an integer

£ > g such that S, has, up to sign, the same columns as T (for an explanation of
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why this usually works, see Palmer [2000, p.254]). Then we adjust the signs of the
entries in A,_1 so that

Yo 1501 =TA1
holds. Thus we may assume Sy = 7. Finally, if we take

S, =T and Ap,=DB for k>1{,

we see that for all k € Z
Y Sk = Sky1As

and that Ay is upper triangular with

A, =B for k>¢, A,=B for k<p.

To show L is invertible, given g = {g},°>° . € £>°(Z, IR"™), we need to show that
(27) Vg1 = Ypvp + gk, k€L
has a unique bounded solution. We make the transformation
v = Spug.
Then the equation becomes

(28) U1 = Apur, + Gy, k€%,

where
gk == S;:_;’_lgk-, k S Z

For ease of exposition, we now restrict to n = 2. So let
A bk
0 Ck

(29) U1(<31+)1 = akug) + bkuf) —&-ﬁ,(cl), u,(i)l = ckugf) +§,(€2), keZ.

Ay =

Then, in components, (28) reads

To solve (29), we need a couple of lemmas.
Lemma 2. Let {c}32_ . be a sequence of nonzero scalars such that
c, =c for k<p and k>/,

where p < £ and |c| < 1. Then if {hy}7>

difference equation

_ o 5 a bounded sequence of scalars, the

(30) Ug+1 = CpUk + hy, k€
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has a unique bounded solution uy. Moreover,

(31) lug| < Lsup |h;|, keZ,
JEZ

where
L + me
= v,y 1 + max vy
LR i
and {vk}f;:pﬂ is defined recursively by

vpp1 = (1 —|e))™ and wpyy = |exlop +1, k=p+1,....0—1.

Proof. Consider the expression

k
e = Z |ck—1- - Cm| = 1+ |[ch—1| + [chorCr2| + -+, k€ZL
m=—oo
Itk <p+1,
k
2 .
Next note that for all k,
(33) M1 = |cr|me + 1.

So, since also 7p41 < vp41, We have
(34) e <vk, p+2<k<L.

Next by repeated application of (33), we see that for k > £+ 1

k k
(35) me=lex—1-clne+ D lerreml Smet Y lek-1-cml-
m=¢+1 m=¢+1
By a similar argument to that used above,
k
Z lck—1-cm| L vpp1, kK>L4+1
m=~+1

Noting also that 1, < v, we conclude that

(36) M < Vpp1 +ve, k>L+1

Then in view of (32), (34), and (36) we see that we have proved
e < L for keZ.

Then

k
up = E Ck—1"""Cmhm—1

m=—0oo
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is a bounded solution of (30) satisfying (31). Moreover, the difference u; between

any two bounded solutions of (30) would be a bounded solution of
Uk+1 = CEUE kel.
Then w41 = cuy, for all k¥ < p and so
sup |ug| < || sup |ukl,
k<p k<p
which implies ug, = 0 for all k. So the bounded solution uy, of (30) is unique.
Lemma 3. Let {a;}32 .. be a sequence of nonzero scalars such that
ar=a for k<p and k >/,

where p < £ and |a| > 1. Then if {hy}32 . is a bounded sequence of scalars, the

difference equation
(37) Up+1 = apUy +hy, ke
has a unique bounded solution uy. Moreover,
(38) luk| < Lsup |hy],
JEZL
where
-1
L =v,+ max v
k=p+1
and vy, is defined backwards recursively by

ve = lal(la] = 1)™' and v = |ag |vgr +lagt, k=0-1,...,p+1.

Proof. Consider the expression

M=y lag' -l
m=k
Itk >¢,
o] 1 m—k+1
(39) =3 (W _—
m=k
Next note that for all k,
(40) M = lar] ™ g1 + Jax| "

So, since also 1y < vy,

(41) e <vp, pH+1<k<l-—1.
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Next by repeated application of (40), we see that for k < p

p p
e = lag - a; npsr + Z lag ' ant | < mpya + Z lag - ant-
m=k

m=k

By a similar argument to that used above,
P
Z lag' - ant| <ve, k<p.
m=k
Since also 7,41 < vp41, it follows that for k£ < p
(42) M < Vpy1 + vy
Then in view of (39), (41), and (42) we see that we have proved

e < L for keZ.

Then we see that

k
up = E Ck—1"""Cmhm—1

is a bounded solution of (37) satisfying (38). Moreover, the difference u; between

any two bounded solutions of (37) would be a bounded solution of
U1 = AU, ke

Then ug41 = auy, for all £ > ¢ and so |ux| — 0o as k — oo unless uy = 0 for all k.

So the bounded solution uy, of (37) is unique and Lemma 3 is proved.

We use these two lemmas to solve (29). Note if

a b
0 ¢

then we know that A, = B for k < p and k > £. Also, since x( is hyperbolic, we

B:

know that |a| > 1 and |c| < 1. Therefore we may apply Lemma 2 to deduce that
u,(fll = Cku](f) +§](€2), keZ

22) which satisfies

has a unique bounded solution
2 _
lu® < Lo|[gl

for all k, where

L + me

2 = Up+1 max Ug
Pt k=p+2

and {vy}}_,,, is defined recursively by

vpr1 = (1—|e])™ and vpiy = |ex|ox +1, k=p+1,....0—1.
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We substitute the solution uf) in the first equation in (29) to obtain
u,(clJZl = aku,(cl) + hg, ke€Z where h,= bkuf) —|—§,(€1).

g) which satisfies

By Lemma 3, this equation has a unique bounded solution u
1
lufll < L sup [1y],
JEXL

where
r—1
L1 = vy + max vy
k=p+1
and now vy, is defined backwards recursively by
ve = lal(la] = 1)™' and vg = |ag |vgr +lagt, k=0-1,...,p+1.

Note that for all k
|he| < bL:|lgll + (8],
where
b = sup |bg|.
ke

So if we use the maximum norm in IR?, we deduce that (28) has a unique bounded

solution uj which satisfies
|ukll < max{La, L1(1 + bL2)}[g], k € Z.

Then it follows that vy = Skuy is the unique bounded solution of (27) and it satisfies
o]l < max{Lo, L1(1+ bL2)}|gll, k € Z.

Hence, provided |a| > 1 and |¢| < 1 (and provided we can triangularize Y} as at

the beginning), the operator L is invertible and

L7 < max{Lo, Li(1 +bLy)}.

Example 3. Consider the Hénon map f : IR? — IR? given by
flw.y) = (1 az® +y,bx)
with a = 1.4, b = 0.3. First we find the hyperbolic fixed point
o = (y1,y2) = (0.631354,0.189406)

We calculate the derivative

Df(zo) = li?yl (1)]
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The eigenvalues are

A1 = 0.155946, A = —1.923738.

Next, we take the point
7o = (0.622, 0.188)

near the fixed point and observe that, as calculated by the machine,
18 (5o) — wo]| < 0.05.

Using the global Newton’s method, we obtain a refined é pseudo homoclinic orbit

{yk}zio,oo connecting zq to itself with
§=1.95x 10715
Next we verify the invertibility of L and find that
|L7| < 16.52646.

Set

M = sup ||D*f(z)| =2.8 and e=2|L !5 <3.23x 1071
z€IR?

Then we verify the inequality
2M|IL Y20 < 1

and notice that one point (—0.939,0.358) on the pseudo homoclinic orbit is at a

distance exceeding ¢ from the fixed point zg.

—+oo

b= o is e-shadowed by a

Thus we conclude that the pseudo homoclinic orbit {yx}
+o00

ro” o such that zg is a transversal homoclinic point to the

unique true orbit {zj}

fixed point xzg.

4. OTHER ASPECTS OF NUMERICAL SHADOWING

We can also consider homoclinic orbits to periodic orbits. These may have a phase
shift. When there is no phase shift, they correspond to homoclinic orbits to a fixed
point but when there is a phase shift they correspond to heteroclinic orbits. Note
however from the numerical point of view it is preferable to work with the original
map and not an iterate, especially when the period is high. Also in this case we
need to find the periodic orbits by shadowing also, especially when the period is
high.

Example 4. Hénon studied the area-preserving quadratic map

Ty r1cosa — (z2 — 23)sina
(g
T rysina + (z2 — 2%) cosa
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depending on a parameter . When o = 1.32843, the origin is a stable elliptic fixed
point. Also, there is a hyperbolic periodic orbit of period five. In the vicinity of

this periodic orbit, the dynamics appear to be chaotic.

We construct a 6 pseudo homoclinic orbit, with § = 2.17 x 107!° to the period
five orbit. Using a more general Homoclinic Shadowing Theorem, we can prove
the existence of a true transversal homoclinic orbit within € = 4.74 x 10710 of this

pseudo orbit. This homoclinic orbit has a phase shift of 1.

This kind of theory can also be carried out for autonomous systems of ordinary dif-
ferential equations. We first consider hyperbolic periodic orbits and give conditions
under which a numerically computed apparent periodic orbit can be verified to be
shadowed by a true hyperbolic periodic orbit. Then we consider orbits which are
close to being homoclinic to this periodic orbit and give conditions under which

there is a true transversal homoclinic orbit nearby.
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Note that Palmer [2000] contains a fairly comprehensive bibliography of shadowing up to

2000. More recent references can be found in the bibliographies of the other papers.
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