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TRACES OF CLASS INVARIANTS
AND HILBERT CLASS POLYNOMIALS FOR ORDERS
DAEYEOL JEON, SOON-YI KANG AND CHANG HEON KIM
Abstract. Zagier showed that the Galois traces of the values of j-invariant
at CM points are Fourier coefficients of a weakly holomorphic modular form of
weight 3/2 and Bruinier-Funke expanded his result to the sums of the values
of modular functions of arbitrary genus at Heegner points. The purpose of
this note is to give a survey of the recent work on modularity of Galois traces
of class invariants in [8].

1. Introduction
Let τ be a value in the complex upper half plane H and q = e2πiτ . Then the
classical modular j-invariant on SL2 (Z) is defined by
j(τ ) = q −1 + 744 + 196884q + 21493760q 2 + · · ·
and its value at imaginary quadratic generates an abelian extension of an imaginary
quadratic number field. For positive integer D satisfying D ≡ 0, 3 (mod 4), we let
( √
−D
if D ≡ 0 (mod 4),
2 √,
(1.1)
τD :=
−1+ −D
,
if D ≡ 3 (mod 4).
2
Then j(τD ) generates the ring class field HD over the imaginary quadratic field
K = Q(τD ) with degree [HD : K] = h(−D), the class number of the order OD =
Z[τD ] of K. The Galois conjugates of j(τD ) under the action of Gal(HD /K) are
singular moduli j(τQ ), where
(1.2)

√
−b + −D
τQ :=
2a
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is a CM point that is a unique root of Q(x, 1) = 0 in H, where
Q(x, y) = [a, b, c] = ax2 + bxy + cy 2
is a positive definite integral primitive binary quadratic form with discriminant
−D = b2 − 4ac and the sum of these conjugates is an ordinary integer.
Following D. Zagier, we define the modified trace of the Hauptmodul J(τ ) =
j(τ ) − 744 for index D as
(1.3)

X

tJ (D) :=

Q∈QD /Γ(1)

J(τQ )
.
|Γ(1)Q |

The corresponding generalized class polynomial is then given by [13],
Y
(1.4)
HD (X) :=
(X − j(τQ ))1/|Γ(1)Q |
Q∈QD /Γ(1)

and its q-expansion at j(τ ) is ([13, Eq. (11)])
(1.5)

HD (j(τ )) = q −H(D) (1 − tJ (D)q + O(q 2 )),

where H(D) is the Hurwitz-Kronecker class number. If −D < −4 is a fundamental
discriminant, then tJ (D) and HD (X) are indeed the Galois trace and Hilbert class
polynomial, respectively. For example,
(1.6)

H23 (X) = X 3 + 3491750X 2 − 5151296875X + 12771880859375 ∈ Z[X]

and tJ (23) = −3491750, the Galois trace of J(τ23 ).
One of the significant properties of the modified trace is that they are Fourier
coefficients of a certain weakly holomorphic modular form of weight 3/2 on Γ0 (4)
[13]. This discovery of Zagier inspired a great number of works on traces of singular
values (see [9, Section 13.1] for references). In particular, J. H. Bruinier and J. Funke
[3] showed that the modular traces of the values of an arbitrary modular function
at Heegner points are Fourier coefficients of the holomorphic part of a harmonic
weak Maass form of weight 3/2.
The Zagier-Bruinier-Funke modular trace of the value of a modular function at
a Heegner point is naturally a Galois trace at the value. However, it is not trivial
to see whether the Galois trace of a given algebraic integer is a Fourier coefficient of
a certain automorphic form. But if we restrict our attention to a modular function
whose value at a CM point generates a ring class field of an imaginary quadratic
field, then we can relate the Galois trace with the modular trace as there is an
explicit description of its Galois conjugates under the action of the corresponding
Galois group in terms of the action of a form class group. In his Lehrbuch der
Algebra [12], H. Weber calls the value of a modular function f (τD ) a class invariant
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if we have
K(f (τD )) = K(j(τD ))
and gives several examples such as a holomorphic cube root γ2 : H → C of j-function
and a modular function f2 : H → C of level 48. The function values ζ3 γ2 (τ23 ) and
ζ48 f2 (τ23 ) are both class invariants and these values have minimal polynomials
ζ3 γ2
H23
(X) = X 3 + 155X 2 + 650X + 23375 ∈ Z[X]

and
ζ48 f2
H23
(X) = X 3 − X − 1 ∈ Z[X].

Compared with the Hilbert class polynomial in (1.6), the minimal polynomials of
class invariants above produce much smaller coefficients. Computing Hilbert class
polynomials is very important in number theory and its application to cryptography
[1], [4]. The Shimura reciprocity law [10] provides a method of systematically
determining whether f (τD ) is a class invariant and also a description of the Galois
conjugates of f (τD ) under the action of Gal(HD /K) in terms of the action of the
form class group. This tool is well-illustrated in several works by R. M. Bröker, A.
Gee, and P. Stevenhagen in [2], [5], [6], [7], [11].

2. Modularity of Galois traces of class invariants
In this section, we identify the Galois traces of several class invariants whose
minimal polynomials have integer coefficients with modular traces of the values of
certain modular functions at Heegner points so that they are Fourier coefficients of
weight 3/2 weakly holomorphic modular forms.
The holomorphic cube root γ2 of j is a modular function of level 3 and if D > 4
and 3 - D and if B = 0 for D even and B = 1 otherwise, then ζ3B γ2 (τD ) is a class
invariant. Using the Shimura reciprocity, we deduce the following theorem.
Theorem 2.1. Suppose −D is an imaginary quadratic discriminant such that 3 D. We let τD =

√
−B+ −D
2

as defined in (1.1) and let τQ =

√
−b+ −D
2a

be the CM

point associated with a primitive quadratic form Q = [a, b, c] of discriminant −D.
The action of the form class group on ζ3B γ2 (τD ) is given by the formula

ab

if 3 - a,

 ζ3 γ2 (τQ ),
B
[a,−b,c]
−bc
(2.1)
(ζ3 γ2 (τD ))
=
ζ3 γ2 (τQ ), if 3 | a and 3 - c,


 γ (τ ),
if 3 | a and 3 | c.
2

Q

Of the three cases in (2.1), we consider the last, where both a and c are multiples
of 3, and discriminant −D is congruent to a square modulo 36. In general, for −D
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that is congruent to a square modulo 4N 2 and β modulo 2N 2 , we let
QD,(N ),β = {[N a, b, N c] ∈ QD | b ≡ β (mod 2N 2 )}
¡ ¢
on which Γ00 (N ) = { ac db ∈ Γ(1) | b ≡ c ≡ 0 (mod N )} acts. If p2 - −D for
(2.2)

any prime divisor p of N , then there is a canonical bijection between QD /Γ(1)
and QD,(N ),β /Γ00 (N ). Let GTf (D) denote the modified Galois trace of a class
invariant f (τD ). By means of Theorem 2.1, the modified Galois trace of ζ3B γ2 (τD )
for discriminant −D which is congruent to a square modulo 36 but not divisible by
3 is given by
(2.3)

X

GTζ3B γ2 (D) =

γ2 (τQ ).

Q∈QD,(3),β /Γ00 (3)

The Bruinier-Funke modular trace of γ2 at a Heegner point is a sum of the traces
given on the right-hand side of equation (2.3). For a weakly holomorphic modular
function f on a congruence subgroup Γ, we consider a lattice L such that the group
Γ acts with finitely many orbits on Lh,m := {X ∈ L + h | q(X) = m}, where h is in
the dual lattice of L, m ∈ Q>0 , and q(X) := det(X). We denote the modular trace
function of f for positive index m with respect to L by MTL
f (h, m) that satisfies
the following analytic property.

Theorem 2.2. [3, Theorem 4.5] Let f be a weakly holomorphic modular function
on a congruence subgroup Γ and assume that the constant coefficients of f at all
cusps vanish. Then
X

(2.4)

n
MTL
f (h, n)q

nÀ−∞

is a weakly holomorphic modular form of weight 3/2 for Γ(4N ), where 4N is the
level of the lattice L.

Remark 1. If h = 0, then the modular trace is modular on a bigger congruence
subgroup Γ0 (4N ) [3].
Suppose we use the lattice
(
(2.5)

L1 =

X=

Ã

!
)
2N c ¯¯
¯a, b, c ∈ Z
2N a −b
b

with q(X) = det(X) and the associated bilinear form (X, Y ) := −tr(XY ) in the
construction of the Bruinier-Funke modular trace and assume that the discriminant
−D is congruent to a square modulo 4N 2 . For a function f that is modular on
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Γ00 (N ), we define
(2.6)

(β)

tf (D) :=

X

1

f (τQ ).
|Γ00 (N )Q |
Q∈QD,(N ),β /Γ00 (N )

Then the Bruinier-Funke modular trace is given by
X
(β)
1
(2.7)
MTL
tf (D).
f (0, D) = 2
β∈Z/2N 2 Z

Since γ2 is Γ00 (3)-invariant, the trace of γ2 in (2.6) for discriminant −D that is
congruent to a square modulo 36 is well defined. Furthermore, from (2.3), (2.6),
and (2.7), we find that the Galois trace of ζ3B γ2 (τD ) is a constant multiple of the
modular trace.
Theorem 2.3. For imaginary quadratic discriminant −D which is congruent to a
square modulo 36 and not divisible by 3,
(2.8)

GTζ3B γ2 (D) =

1
1
MTL
γ2 (0, D).
4

Example 1. Let −D = −23 ≡ 72 (mod 36) and β = 7. Then Q23 /Γ(1) is given
by
Q23 /Γ(1) = {[1, 1, 6], [2, 1, 3], [2, −1, 3]}
and thus the Galois trace of j(τ23 ) is j(τ[1,1,6] ) + j(τ[2,1,3] ) + j(τ[2,−1,3] ). By Theorem 2.1, we find that the Galois trace of ζ3 γ2 (τ23 ) is equal to
ζ3 γ2 (τ[1,1,6] ) + ζ32 γ2 (τ[2,1,3] ) + ζ3−2 γ2 (τ[2,−1,3] ).
However, by the discussion above and the fact
Q23,(3),7 /Γ00 (3) = {[6, 25, 27], [9, 25, 18], [3, 7, 6]},
we may also write the Galois trace of ζ3 γ2 (τ23 ) as
γ2 (τ[6,25,27] ) + γ2 (τ[9,25,18] ) + γ2 (τ[3,7,6] ) = t(7)
γ2 (23)
so that the corresponding minimal polynomial has Heegner divisors:
Y
ζ3 γ2
(2.9)
H23
(X) =
(X − γ2 (τQ ))
Q∈Q23,(3),7 /Γ00 (3)

For a discriminant that is a multiple of 3, the modified Galois trace of ζ3B γ2 (τD )
is not defined, while the modular trace of γ2 vanishes. Thus, for any discriminant
−D < 0 that is congruent to a square modulo 36, the equality in (2.8) holds. As
γ2 has zero constant coefficients at all cusps, we obtain the following result from
Theorem 2.2.
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Theorem 2.4. The generating series of GTζ3B γ2 (D),
X
q −1 +
GTζ3B γ2 (D)q D
D>0
−D≡¤ (mod 36)

is a weakly holomorphic modular form of weight 3/2 on Γ0 (36).

Example 2. Recall that γ2 (τ ) = q −1/3 + O(q). Applying [3, Remark 4.9] with
transformation properties of γ2 , we find that MTγ2 (0, 0) = 0. Also, on account of
[3, Proposition 4.7], we have
X

MTγ2 (0, −m2 ) = −2m

(a0 (n) + a∞ (n)),

n∈ m
3 Z<0

where a` (n) is the n-th Fourier coefficient of γ2 at cusp `. Hence the only nonzero
trace with negative index is MTγ2 (0, −1) = 4, and we see that the generating series
of modular traces of γ2 is given by
X
(2.10)
MTγ2 (0, n)q n = 4q −1 + O(q),
n∈Z, nÀ−∞

which is a weakly holomorphic modular form as asserted in Theorem 2.2.
Likewise as above, we discover similar results for the Weber functions f and f2
of level 48.
Theorem 2.5. For imaginary quadratic discriminant −D which is congruent to a
square modulo 9216 but not divisible by 2 or 3,
1
1
MTL
f (0, D).
8
P
Moreover, there is a finite principal part A(τ ) = n≤0 a(n)q n for which
X
A(τ ) +
GTζ48 f2 (D)q D
GTζ48 f2 (D) =

D>0
−D≡¤ (mod 9216)

is a weakly holomorphic modular form of weight 3/2 on Γ0 (9216).
There are generalized Weber functions g0 , g1 , g2 and g3 of level 72. For these
functions, we choose the lattice
(
(2.11)

L2 =

X=

Ã
Nb
a

c

!

−N b

)
¯
¯
¯a, b, c ∈ Z

with q(X) = det(X) and (X, Y ) = −tr(XY ). Suppose −D is an imaginary quadratic discriminant such that −D ≡ ¤ (mod 4N 2 ). If f is a weakly holomorphic
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modular function on Γ00 (N ), then the Bruinier-Funke modular trace is given by
(2.12)

(h)

(−h)

2
2
MTL
f (h, D/4N ) = tf (D) + tf

(D).

Theorem 2.6. If imaginary quadratic discriminant −D is congruent to a square
modulo 20736 and −D ≡ 1 (mod 12), then (g60 + g61 )(τD ) is a class invariant. And
for a fixed value β (mod 10368) such that β 2 ≡ −D (mod 20736), we have

 MTL62 (β, D/20736), if β ≡ 7 (mod 12),
g0
GTg60 +g61 (D) =
 MTL62 (β, D/20736), if β ≡ 5 (mod 12).
g3

P
Moreover, there is a finite principal part B(τ ) = n≤0 b(n)q n for which
X
B(τ ) +
GTg60 +g61 (D)q D/20736
D>0
−D≡¤ (mod 20736)

is a weakly holomorphic modular form of weight 3/2 on Γ(20736).
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