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ENERGY DECAY FOR THE NONLINEAR WAVE EQUATION
WITH A HALF-LINEAR DISSIPATION IN RN
YONG HAN KANG
Abstract. We study decay estimates of the energy for the nonlinear wave
equation in the whole space. The dissipative term consists of the following two
parts: The first part is nonlinear in suitable ball which contains the obstacle
and is effective only in localized area; the second part is linear in the outside
of the ball and is effective at infinity. So we may call such a dissipation as halflinear dissipation. We note that the method of proof is based on the multiplier
technique and on the unique continuation.

1. Introduction
In this paper we consider the Cauchy problem for the nonlinear wave equation
with a half-linear dissipation;
in RN × (0, ∞)

(1.1)

utt − 4u + ρ(x, ut ) = 0

(1.2)

u(x, 0) = u0 , ut (x, 0) = u1

in RN

where ρ(x, v) is some nonlinear function specified later. For the sequel, we need
some notations. We set Br := {x ∈ RN ||x| < r} and Ωr := RN \ Br for r > 0.
Let L > 0 be arbitrarily fixed and a(x) be a nonnegative bounded function on
RN such that
(1.3)

a(x) ≥ ²0 > 0 a.e. for x ∈ ΩL .

We now make the following hypotheses on the dissipative term ρ(x, v).
Hyp.A ρ(x, v) is differentiable a.e. and nondecreasing function in v such that
(1.4)

ρ(x, v) = ρ̃(v)χ(BL ) + a(x)vχ(ΩL ),

where ρ̃(v) satisfies
(1.5)

k0 a(x)|v|r+2 ≤ ρ̃(v)v ≤ k1 a(x){|v|r+2 + |v|2 } for (x, t) ∈ BL × (0, ∞)

with k0 , k1 > 0, 0 ≤ r ≤ 2/(N − 2), L is given by (1.3), and χ(A) denotes the
characteristic function of A. For an example, ρ̃(v) is a function like ρ̃(v) = a(x)|v|r v.
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Condition (1.4) means that the dissipative term ρ(x, ut ) has two character; linear
and nonlinear. More precisely, the dissipative term is the linear function a(x)ut on
ΩL , which is effective at infinity. On the other hand, it is the nonlinear function
ρ̃(ut ) on BL satisfying (1.5). By reason of such two character, we may call the
dissipation the half-linear dissipation and it is meaningful. This half-linear problem
was first treated in Nakao and Jung [6]. They obtained the algebraic decay estimates
of the energy for the wave equation with some nonlinear dissipative term under two
types of parameter in an exterior domain, that is, the decay rates given by algebraic
functions as the upper bounds were derived. As a natural question, can we relax
the condition of the dissipative term by using any parameter?
The main purpose of this paper is to derive precise decay estimates of the energy
for Cauchy problem (1.1)-(1.2) with a nonlinear dissipative term under only one
parameter. We note here that since our assumption on the nonlinear dissipative
term is given by only one parameter, the upper bounds for our decay rate consist of
both functions of algebraic type and functions of logarithmic type depending on the
size of the parameter. In this regard, our result extends the results of [6] partially.
We remark that our decay result is not a verification of the results in [6].
The problem of proving decay estimates of the solutions to the wave equation
with some dissipation has attracted a lot of attention in recent years. To our
knowledge, the results in [6] are the only things for the whole space, though the
Klein-Gordon type wave equation with nonlinear dissipations like |ut |r ut have been
treated by Zuazua[11], Nakao [5], Nakao and Ono [7], Ono [8], and Mochizuki and
Motai [4]. Recently, Todorova [10] have analyzed the global existence, nonexistence,
and the decay estimates for the Cauchy problem with some perturbed source term
of the type :
utt − 4u + q 2 (x)u + ut |ut |` = u|u|m

in RN × (0, ∞),

where q(x) is a locally bounded measurable function on RN and `, m ∈ N.
2. Preliminaries and Statement of the Main Result
Throughout this paper we shall use the following notations :
||u||p ≡ ||u||Lp (Ω) , 1 ≤ p < ∞;
H m (Ω)(m ≥ 0) denotes the usual Sobolev space with the norm
³ X
´ 12
||Dxα f (x)||22 dx
||f ||H m (Ω) =
< ∞,
|α|≤m

where α is the multi-indices, and H0m (Ω) is a completion of C0∞ in H m (Ω) with the
above norm. For simplicity, we will write ||u|| for ||u||2 .
For the sequel, we assume that
Hyp.B (u0 , u1 ) ∈ H 2 (RN ) × H 1 (RN ) and
(2.1)
for some K > 0.

suppu0 ∪ suppu1 ⊂ {x ∈ RN ||x| ≤ K}
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Before stating our main result, let us recall the following well-posedness result,
which is given by Lions and Strauss [3].
Theorem 2.1. Let (u0 , u1 ) ∈ H 2 (RN ) × H 1 (RN ). Then, under Hyp.A and Hyp.B,
the problem (1.1)-(1.2) admits a unique solution with the finite propagation property
u(t) ∈ W 2,∞ ([0, T ); L2 (RN )) ∩ W 1,∞ ([0, T ); H 1 (RN )) ∩ L∞ ([0, T ); H 2 (RN )
for any T > 0.
Moreover, for the solution u(t) to the problem (1.1)-(1.2), there exists a finite
constant K > 0 such that
(2.2)

||∇ut || + ||ut || ≤ K for t ∈ [0, T ).

The main result of this paper is as follows.
Theorem 2.2. Let (u0 , u1 ) ∈ H 2 (RN ) × H 1 (RN ) and N ≥ 3. Assume that Hyp.A
and Hyp.B are satisfied. Then there exist some positive constant Ci , i = 1, 2, 3 such
that the energy E(t) ≡ 1/2(||ut ||2 + ||∇u||2 ) for the problem (1.1)-(1.2) satisfy the
following decay properties:
√
(i) If (4(N − 1) − 8N 2 − 6N )/(N − 1)(N − 2) < r < 2/N , then
E(t) ≤ C1 (1 + t)−γ
with

½
γ

=

min

(N − 1)(N − 2)r2 − 8(N − 1)r + 8
,
(r + 1)(4 − (N − 2)r)
2 − N r 3(2 − N )r2 + 2(8 − N )r + 8
,
r
4(r + 2)

¾
.

(ii) If r = 2/N , then
2

E(t) ≤ C2 (log(2 + t))− r .
√
(iii) If r = (4(N − 1) − 8N 2 − 6N )/(N − 1)(N − 2), then
1

E(t) ≤ C3 (log(2 + t))− r+1 .
The proof of Theorem 2.2 relies on the the following lemmas.
First, we need the following well-known lemma without proof here.
Lemma 2.1. (Gagliardo-Nirenberg) Let 1 ≤ r < p ≤ ∞, 1 ≤ q ≤ p. Then we have
the inequality
||v||H p (RN ) ≤ c||v||θH q (RN ) ||v||1−θ
for v ∈ H p (RN ) ∩ Lr (RN )
r
with some c > 0 and
θ=

¡2
1 1 ¢¡ 2
1 1 ¢−1
+ −
+ −
N
r
p N
r
q

provided that 0 < θ ≤ 1 (0 < θ < 1 if p = ∞ and 2q = N ).
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Lemma 2.2. ([5]) Let φ(t) be a nonnegative function on [0, ∞) satisfying the inequality
2
X
sup φ(s) ≤ C
(1 + t)θi (φ(t) − φ(t + 1))²i , t ≥ 0
t≤s≤t+T

i=1

with some T > 0, C > 0, 0 < ²i ≤ 1 and θi ≤ ²i . Then φ(t) has the following decay
property:
(1) If 0 < ²i ≤ 1 and θi < ²i , i = 1, 2, then
φ(t) ≤ C0 (1 + t)−α
with α = mini=1,2 {(²i − θi )/(1 − ²i )}.
(2) If θ1 = ²1 < 1 and θ2 < ²2 ≤ 1, then
²1

φ(t) ≤ C0 (log(2 + t))− 1−²1 .
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1. Contrôlabilité exacte, RMA 8, Masson, 1988.
[3] J. L. Lions and W. A. Strauss, Some non-linear evolution equations, Bull. Soc. Math. France,
93 (1965), 43–96.
[4] K. Mochizuki and T. Motai, On energy decay-nondecay problems for the wave equations with
nonlinear dissipative term in RN , J. Math. Soc. Japan 47 (1995), 405-421.
[5] M. Nakao, Decay of solutions to the Cauchy problem for the Klein-Gordon equation with a
localized nonliner dissipation, Hokkaido Math. J. 27 (1998), 245–271.
[6] M. Nakao and I. H. Jung, Energy decay for the wave eqaution in exterior domains with some
half-linear dissipation, Differential and Integral Equations 16 (2003), 927–948.
[7] M. Nakao and K. Ono, Global existence to the Cauchy problem of the semilinear wave
equation with a nonlinear dissipation, Funkcial. Ekvac. 38 (1995), 417–431.
[8] K. Ono, The time decay to the Cauchy problem of the semilinear dissipative wave equations,
Adv. Math. Sci. Appl., 9 (1999), 243–262.
[9] D. Tataru, The Xθs spaces and unique continuation for solutions to the semilinear wave
equation, Comm. Partial Differential Equations 21 (1996), 841-887.
[10] G. Todorova, Stable and unstable sets for the Cauchy problem for a nonlinear wave equation
with nonlinear damping and source terms, J. Math. Anal. Appl. 239 (1999), 213–226.
[11] E. Zuazua, Exponential decay for the semilinear wave equation with localized damping in
unbounded domains, J. Math. Pures Appl. 70 (1991), 513–529.
Department of Mathematics, University of Ulsan, Ulsan 680-749, South Korea
E-mail address: yonghann@mail.ulsan.ac.kr

