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ELLIPTIC CURVES WITH LARGE TATE-SHAFAREVICH
GROUPS
KAZUO MATSUNO

The Tate-Shafarevich group X(E/K) of an elliptic curve E over a number field
K is defined as
³
´
Y
X(E/K) := Ker H 1 (K, E(K)) −→
H 1 (Kv , E(Kv ) ,
v

where v runs over all (archimedean and non-archimedean) primes of K. This
X(E/K) describes the failure of “Hasse principle” for the torsors of E/K. It
is conjectured that X(E/K) is finite (still unknown in general).
The following question is very natural, but we don’t know the answer.
Question 1. For each prime p, does there exist an elliptic curve E over Q such
that the p-torsion subgroup X(E/Q)[p] of X(E/Q) is nonzero?
We can give examples of such elliptic curves for small primes.
•
•
•
•
•

E
E
E
E
E

: y 2 = x3 + 17x ⇒ X(E/Q)[2] 6= 0. (Lind, Reichardt, ’40s)
: y 2 = x3 − 24300 ⇒ X(E/Q)[3] 6= 0. (Selmer, 1951)
: y 2 + xy = x3 − 3301465x − 2309192023 ⇒ X(E/Q)[5] 6= 0.
: y 2 + xy = x3 − 3674496x − 2711401518 ⇒ X(E/Q)[7] 6= 0.
: y 2 = x3 +x2 −21477749985x−1211529110734587 ⇒ X(E/Q)[13] 6= 0.

Remark. One can verify the above assertions for p = 5 and 7 by a p-descent argument (cf. [Be], [Fi]) or by a result of Cassels [Ca2] together with the fact that
rankE(Q) = 0. The second argument also works for p = 13 (cf. [Ma]).
• E : y 2 = x3 − 20675209x ⇒ X(E/Q)[11] 6= 0.
• E : y 2 = x3 − 239228089x ⇒ X(E/Q)[17] 6= 0.
• E : y 2 = x3 − 258904415517049x ⇒ X(E/Q)[211] 6= 0.
√
Remark. These curves have complex multiplication by Z[ −1]. For such CM
curves, Rubin [Ru] proved the full Birch and Swinnerton-Dyer conjecture (modulo 2-parts). The above assertions is verified by using this fact and a result of
Tunnell [Tu]. Another computation can be found in [Ro].
Moreover the following question has already been solved affirmatively for p ≤ 5.
Question 2. For each prime p, can dimFp X(E/Q)[p] be arbitrarily large as E
varies?
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Theorem (Cassels, Bölling, Fisher, . . . ). Assume that p ≤ 5. Then we have
sup{dimFp X(E/Q)[p] | E ∈ EQ } = +∞.
Here EQ is the set of (the Q-isomorphism classes of ) elliptic curves defined over Q.
This result was first obtained for p = 3 by Cassels [Ca1] by extending previous
works of Selmer. The case p = 2 (in a more general statement) was proved by
Bölling [Bö] and another proofs and generalizations were given by several authors
(e.g., Kramer [Kr]). The case p = 5 was proved by Fisher [Fi].
For p = 7 and 13, Kloosterman and Schaefer gave the following partial result.
Theorem (Kloosterman-Schaefer [KS]). Assume that p is an odd prime with p ≤ 7
or p = 13. Then we have
sup{dimFp X(E/Q)[p] + rankE(Q) | E ∈ EQ } = +∞.
Especially, either rankE(Q) or dimFp X(E/Q)[p] can be arbitrarily large as E
varies.
The first result of this note is an affirmative answer to Question 2 for p = 7, 13.
Theorem A ([Ma]). Assume that p = 3, 5, 7, 13. Then we have
sup{dimFp X(E/Q)[p] | E ∈ EQ } = +∞.
To prove this theorem (and some results mentioned above), we need the fact
that there exist infinitely many elliptic curves defined over Q (non-isomorphic over
Q) with isogenies of degree p. This assumption is equivalent to assuming that the
genus of the modular curve X0 (p) is 0. Therefore we cannot prove the assertion
of Question 2 for p = 11 or p ≥ 17 by a similar argument. The following question
(easier than Question 2) can be handled.
Question 3. For each prime p, can dimFp X(E/K)[p] be arbitrarily large as K
and E vary?
Theorem.

(i) ([KS]) Let g(p) denote the genus of X0 (p). Then we have

sup{dimFp X(E/K)[p] + rankE(K) | [K : Q] ≤ g(p) + 1, E ∈ EK } = +∞.
(ii) (Kloosterman [Kl]) There exists a function h : Z → Z such that
sup{dimFp X(E/K)[p] | [K : Q] ≤ h(p), E ∈ EK } = +∞
and h(p) = O(p4 ) for p → ∞.
Remark. We have g(p) ≤

p+1
12

for any p. In particular, g(p) = O(p) for p → ∞.

The above theorem says the answer to Question 3 is “yes” even if the range of
number fields K is limited by some bounded degree (depending on p). Our next
task is to consider Question 3 in more smaller range of K and E (e.g., for fixed
K or E, for more smaller bound of degree of K, etc.). Clark [Cl] proved that the
assertion of Question 3 is still valid when an elliptic curve E is fixed.
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Theorem (Clark [Cl]). Let E be an elliptic curve defined over a number field F .
Assume that E[p] is contained in E(F ). Then we have
sup{dimFp X(E/K)[p] | [K : F ] = p} = +∞.
This theorem implies that X(E/K)[p] can be arbitrarily large as K varies between degree p extensions of Q(E[p]) for any fixed elliptic curve E defined over
Q. We have [Q(E[p]) : Q] ≤ #GL2 (Fp ) = p(p − 1)2 (p + 1) in general and further
[Q(E[p]) : Q] ≤ 2(p − 1)2 if E has complex multiplication. Therefore Clark’s result
also refines Kloosterman’s result mentioned above as follows.
Corollary. Let E be an elliptic curve over Q with complex multiplication. Then
sup{dimFp X(E/K)[p] | [K : Q] ≤ 2p(p − 1)2 } = +∞.
Another refinement for small primes was recently obtained by Naganuma by
using arguments given in [KS] and [Ma].
Theorem (Naganuma [Na]). Let K be a number field such that X0 (p) has infinitely
many K-rational points. Then we have
sup{dimFp X(E/K)[p] + rankE(K) | E ∈ EK } = +∞.
Furthermore, if K is totally real and “modularity conjecture” for elliptic curves
defined over K is valid, then
sup{dimFp X(E/K)[p] | E ∈ EK } = +∞.
As mentioned before, X0 (p) has infinitely many Q-rational points if p ≤ 7 or
p = 13. Since the modularity conjecture over Q (Taniyama-Shimura conjecture)
is known, Theorem A is included in Naganuma’s result. His result also refines the
result of [KS] for the case g(p) = 1, i.e., p = 11, 17, 19. Indeed, for such p, there
exist infinitely many (real)
quadratic fields K such that #X0 (p)(K) = +∞. For
√
example, #X0 (11)(Q( 2)) = +∞. By applying a result of Skinner-Wiles [SW], we
can prove the following as a consequence.
√
Corollary. sup{dimF11 X(E/Q( 2))[11] | E ∈ EQ(√2) } = +∞.
However, Naganuma’s result does not cover the case p ≥ 23 since the genus of
X0 (p) is greater than 1 and hence #X0 (p)(K) is finite for any number field K. The
second result of this note is the unboundedness of the p-rank of Tate-Shafarevich
groups over a (fixed) number field of degree p.
Theorem B. Let K be a cyclic Galois extension of Q of degree p. Then we have
sup{dimFp X(E/K)[p] | E ∈ EQ } = +∞.
The proofs of Theorems A and B are separated into two steps:
(i) To give a condition that the p-Selmer group of an elliptic curve is large
enough.
(ii) To construct an elliptic curve satisfying the condition given by (i) and
having small Mordell-Weil rank.
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Here the p-Selmer group Sel(p) (E/K) of an elliptic curve E over K is a subgroup
of H 1 (K, E[p]) satisfying some local conditions. We have an exact sequence
0 −→ E(K)/pE(K) −→ Sel(p) (E/K) −→ X(E/K)[p] −→ 0.
This implies an inequality
dimFp X(E/K)[p] ≥ dimFp Sel(p) (E/K) − rankE(K) − 2.
Therefore the above (i) and (ii) are enough to prove the theorems.
• Theorem A-(i): Assume that there exists an isogeny E → E 0 of degree p
and the number of bad primes of E 0 such that the Tamagawa number is
divisible by p is large enough than that for E. Then the p-Selmer group
of E becomes large. One can prove this by using a result of Cassels [Ca2]
as in [KS]. Another proof based on Iwasawa theory for elliptic curves,
especially on Mazur’s control theorem (cf. [Gr]), is given in [Ma].
• Theorem B-(i): The condition is similar to the above, but a p-isogeny is
not needed. We use an analogue of Mazur’s control theorem for cyclic
extensions of degree p.
• Theorem A-(ii): We first construct an elliptic curve E with large Sel(p) (E/Q)
by (i). Then we take a quadratic twist E 00 of E so that the condition
in (i) is again satisfied and the central value of the L-function of E 00 is
nonzero. The existence of such twists is ensured by Waldspurger’s theorem (cf. [BFH, §0]). Then we have rankE 00 (Q) = 0 by Kolyvagin’s result
and Sel(p) (E 00 /Q) is large by (i).
• Theorem B-(ii): In order to bound the Mordell-Weil rank, we use an argument given in [Kr] and a result obtained by sieve methods ([HR, Theorem 10.5]).
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