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ALUTHGE TRANSFORMS OF OPERATORS
IL BONG JUNG
Abstract. The Aluthge transform Te (defined below) of an operator T on
Hilbert space has been studied extensively, most often in connection with
p-hyponormal operators. In [19] one initiated a study of various relations
between an arbitrary operator T and its associated Te, and this study was continued to the theories of spectral pictures, Aluthge and Duggal iterations, and
numerical ranges. In this article we survey those recent works and give some
related open problems.

1. Introduction
Let H be a separable, infinite dimensional, complex Hilbert space, and let L(H)
denote the algebra of all bounded linear operators on H. An arbitrary operator T
1
in L(H) has a unique polar decomposition T = U |T |, where |T | = (T ∗ T ) 2 and U
is the appropriate partial isometry (with ker U = ker T and ker U ∗ = ker T ∗ ). An
operator T ∈ L(H) is said to be p-hyponormal if (T ∗ T )p − (T T ∗ )p ≥ 0, p ∈ (0, ∞)
([14]). If p = 1, T is hyponormal and if p = 12 , T is semi-hyponormal ([28]).
The Lőwner-Heinz inequality ([17]) implies that p-hyponormal operators are qhyponormal operators for q ≤ p. In particular, T is said to be ∞-hyponormal if
T is p-hyponormal for every p > 0 ([24]). It is well known that every qusinormal
operators are ∞-hyponormal. Associated with T there is a very useful related
operator Ter,t = |T |t U |T |r−t for r ≥ t ≥ 0, called the generalized Aluthge transform
of T ([16]). This transform Ter,t is said to be (r, t)-Aluthge transform. Then (1, 12 )Aluthge transform is refered as the Aluthge transform which is denoted by Te ([1]).
The (1, 1)-Aluthge transform is refered as Duggal transform of T , which is denoted
by Tb (i.e., Tb := |T |U ) ([13]). In many cases Aluthge and Duggal transforms are
useful, and ones concentrate to discuss here their transforms. An operator T is
∗
| ([18]). The (1, 21 )-weakly hyponormal
(r, t)-weakly hyponormal if |Ter,t | ≥ |T | ≥ |Ter,t
operator is refered as w-hyponormal operator ([3], [4]). Recall that if T = U |T | is a
∗ e
∗ q
p-hyponormal for r ≥ t ≥ 0 and p ≤ 1 then (Ter,t
Tr,t )q ≥ |T |2rq ≥ (Ter,t Ter,t
) , where
∗
e
e
q = min{(p + t)/r, (p + r − t)/r, 1} ([16]). Thus |T1,t | ≥ |T | ≥ |T1,t |, and so every
p-hyponormal is w-hyponormal. In this note we survey spectral theory, spectral
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pictures, Aluthge iteration, backward iterations, and invariant subspace problem
related to Aluthge and Duggal transforms from [13], [19], [20], [21], and [22].
2. Spectral theory
Our first theorem shows that various spectra of (an arbitrary operator) T coincide
with those of Te. As usual, we write σ(T ), σp (T ), and σap (T ) for the spectrum, point
spectrum, and approximate point spectrum of T , respectively.
Theorem 2.1. For every T = U |T | (polar decomposition) in L(H), σ(T ) =
σ(Te), σap (T ) = σap (Te), σp (T ) = σp (Te), σap (T ∗ )\(0) = σap ((Te)∗ )\(0), and σp (T ∗ )\(0) =
σp ((Te)∗ )\(0).
Consider the Hilbert space H = L2 ([0, 1], µ), where µ is Lebesgue measure, and
let {en }∞
n=1 be any orthonormal basis for H such that e1 is the constant function
1. Let U ∈ L(H) be defined by U en = en+1 , n ∈ N, so U is a unilateral shift, and
consider T = U (Mx )2 , where Mx is multiplication by the position function. Then
T is clearly not a quasiaffinity, but an easy calculation shows that Te = Mx U Mx is
a quasiaffinity. Thus this example shows that all the spectral equalities in Theorem
2.1 are best possible.
For an operator A ∈ L(H), we write, as usual, σe (A), σle (A), and σre (A) for the
essential (Calkin), left essential, and right essential spectra of A, respectively.
Theorem 2.2. For any T ∈ L(H) with associated Aluthge transform Te, we
have σe (T ) = σe (Te), σle (T ) = σle (Te), and σre (T )\(0) = σre (Te)\(0).
We turn now to the intimate connection between the invariant subspace lattices
of an arbitrary operator T in L(H) and its associated Te. If T ∈ L(H) is not a
quasiaffinity, then 0 ∈ σp (T ) ∪ σp (T ∗ ), so trivially T has a nontrivial invariant
subspace. Thus we investigate the relation between Lat(T ) and Lat(Te) only when
T is a quasiaffinity. In this case, we know that T and Te are quasisimilar. In general,
one does not know that quasisimilar operators have nontrivial invariant subspace
lattices together, but the beauty of the Aluthge transform is that here this does
happen.
Theorem 2.3. Let T = U |T | (polar decomposition) be an arbitrary quasiaffinity
1
in L(H). Then the mapping φ : N −→ (|T | 2 N )− , N ∈ Lat(T ), maps Lat(T ) into
1
Lat(Te), and moreover if (0) 6= N 6= H, then (0) 6= φ(N ) = (|T | 2 N )− 6= H.
1
Moreover the mapping ψ : M −→ (U |T | 2 M)− , M ∈ Lat(Te), maps Lat(Te) into
1

Lat(T ), and if (0) 6= M 6= H, then (0) 6= ψ(M) = (U |T | 2 M)− 6= H. Consequently,
Lat(T ) is nontrivial if and only if Lat(Te) is nontrivial.
Let H=L2 ([0, 1], µ) where µ is Lebesque measure, and let Mx denote multiplication by the position function on H. For given 0 ≤ α ≤ β, define U and |T | in
L(H ⊕ H) by the matrices
Ã 1
!
µ
¶
0 δα 1H
β 2 Mx
0
U=
,
|T | =
,
1
0
0
0
αβ − 2 1H
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where δ0 = 0, and δα = 1 if α > 0, and αβ − 2 := 0 if α = β = 0. Define T ∈
L(H) by T = U P 2 and Te = P U P . Elementary calculations show that U P 2 is the
polar decomposition of T and hence that Te is the Aluthge transform of T. Thus
the result obtained in Theorem 2.3 is close to best possible. Finally, in this same
example, Hlat(T ) is nontrivial but Hlat(Te) = {(0), H⊕H}. Thus the result below
in Theorem 2.5 is close to best possible.
Corollary 2.4. If T ∈ L(H) and Te has a nontrivial invariant subspace, then
so does T. Moreover, there are examples in which Lat(T ) and Lat(Te) are not
isomorphic via the above example.
We write Hlat(A) for the lattice of hyperinvariant subspaces of an operator
A ∈ L(H). If T is not a quasiaffinity, then 0 ∈ σp (T ) ∪ σp (T ∗ ) and if T 6= 0, then
Hlat(T ) 6= {(0),H} for trivial reasons. Then we investigate the relation between
Hlat(T ) and Hlat(Te), only in the case in which T is a quasiaffinity.
Theorem 2.5. Let T ∈ L(H) be an arbitrary nonzero quasiaffinity. Then T
has a nontrivial hyperinvariant subspace if and only if its Aluthge transform Te
does. Thus if T ∈ L(H) and Hlat(Te) is nontrivial, then so is Hlat(T ). Moreover,
Hlat(Te) may be trivial but Hlat(T ) nontrivial.
If U is a bounded open set in the complex plane C, recall that a subset Λ ⊂ U
is said to be dominating for U if every function h(z) holomorphic and bounded on
U satisfies supz∈U |h(z)| = supz∈U ∩Λ |h(z)|.
Theorem 2.6. Suppose T is an arbitrary w-hyponormal operator and suppose
that there exists a nonempty open set U in C such that σ(T ) ∩ U is dominating for
U. Then T has a nontrivial invariant subspace.
The following result generalizes a surprising theorem of Berger ([5]) for hyponormal operators to the context of p-hyponormal operators.
Theorem 2.7. Let T ∈ L(H) be a w-hyponormal operator in L(H). Then
there exists a positive integer K such that for all positive integers k ≥ K, T k has
a nontrivial invariant subspace.
3. Spectral pictures
We write (SF ) [resp., (F)] for the open set of all semi-Fredholm [resp., Fredholm]
operators in L(H), and for T ∈(SF), we write i(T ) for the Fredholm index of T , i.e.,
i(T ) = dim ker T −dim ker T ∗ . Recall that for T ∈ L(H) and λ ∈ C, T −λ = T −λIH
belongs to (F) if and only if λ ∈
/ σe (T ) and that i : (SF) →Z ∪ {+∞, −∞} is a
continuous function (and thus constant on connected open subsets of (SF)). For
more information about Fredholm and semi-Fredholm operators, see [10] and [11]. If
T ∈ L(H), a hole in σe (T ) is a bounded component of C\σe (T ) (and thus is an open
set). A pseudohole in σe (T ) is a component of σe (T ) \ σle (T ) (= σe (T )◦ \ σle (T ))
or σe (T ) \ σre (T )(= σe (T )◦ \ σre (T )), and thus is a subset of σe (T ) that is open in
C. The spectral picture of T (notation: SP(T )), introduced in [27], is the structure
consisting of the set σe (T ), the collection of holes and pseudoholes in σe (T ), and
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the Fredholm indices associated with those holes and pseudoholes. The concept
of the spectral picture of an operator has been useful in operator theory (cf., for
example, [6], [8]). In particular, several deep theorems in the subject can be easily
stated in terms of spectral pictures (cf. [27]).
Theorem 3.1. For all T in L(H) and all λ ∈ C \ {0}, dim ker(T − λ)− dim
ker(T − λ)∗ = dim ker(Te − λ)− dim ker(Te − λ)∗ as extended real numbers whenever
at least one side is meaningful as an extended real number.
Consider the Hilbert space H = L2 ([0, 1], µ), where µ is Lebesgue measure, and
let {en }∞
n=1 be any orthonormal basis for H such that e1 is the constant function
1. Let U ∈ L(H) be defined by U en = en+1 , n ∈ N, so U is a unilateral shift, and
consider T = U (Mx )2 , where Mx is multiplication by the position function. Then
an easy calculation shows that dim kerT ∗ = 1 and dim kerTe∗ = 0. On the other
hand, if S = U ∗ , then dim kerS ∗ = 0 and dim kerSe∗ = 1. This shows that theorem
3.1 may fail for λ = 0. In particular, if T is as in that example, then dim kerT −
dim kerT ∗ = 0 − 1 = −1, while dim kerTe− dim kerTe∗ = 0 − 0 = 0. Nevertheless,
we have the following.
Theorem 3.2. For every T in L(H) and for every λ in C, T − λ ∈ (F) if and
only if Te − λ ∈ (F), and when T − λ ∈ (F), we have i(T − λ) = i(Te − λ).
Now let us examine the situation of the pseudoholes in SP(T ) and their relation
to the pseudoholes in SP(Te). By definition, a pseudohole with index −∞ in SP(T )
is a connected component of the open set σe (T ) \ σle (T ), and since by Theorem 2.2,
σe (T ) = σe (Te) and σle (T ) = σle (Te), the pseudoholes whose associated Fredholm
index is −∞ are exactly the same in σe (T ) as in σe (Te). Next suppose that U is a
pseudohole in σe (T ) of index +∞. Then, by definition U is a connected component
of the open set σe (T ) \ σre (T ). Moreover, σre (T ) \ {0} = σre (Te) \ {0} from Theorem
2.2. An elementary but tedious topological argument shows that there are only
three possibilities in this case— either U, U ∪ {0}, or U \ {0} must be a pseudohole
in σe (Te) (and examples below show that two of these possibilities may occur). Thus
we have the following.
Theorem 3.3. Let T ∈ L(H) and let Te be its Aluthge transform. Then an open
set U ⊂ σe (T ) \ σle (T ) is a pseudohole in σe (T ) with index −∞ if and only if U is
a pseudohole in σe (Te) with index −∞. Moreover, if an open set V ⊂ σe (T )\σre (T )
is a pseudohole in σe (T ) with index +∞, then either V, V ∪ {0}, or V \ {0} is a
pseudohole in σe (Te) with index +∞, and thus if an open set W ⊂ σe (Te) \ σre (Te)
is a pseudohole in σe (Te) with index +∞, then either W, W ∪ {0}, or W \ {0} is
a pseudohole in σe (T ) with index +∞.
Corollary 3.4. For all T ∈ L(H) such that SP(T ) (or SP(Te)) has no pseudohole, SP(T ) = SP(Te).
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4. Some transforms
We will explore below various relations between T, Tb, and Te by studying maps
between the Riesz-Dunford algebras associated with these operators. We denote by
Hol(σ(T )) the algebra of all complex-valued functions which are analytic on some
neighborhood of σ(T ), where linear combinations and products in Hol(σ(T )) are
defined (with varying domains) in the obvious way. Moreover, the (Riesz-Dunford)
algebra AT ⊂ L(H) is defined as AT = {f (T ) : f ∈Hol(σ(T ))}, (where f (T ) is
defined by the Riesz-Dunford functional calculus). Recall that the complete contraction means, by definition, that for every n ∈ N and for every n × n matrix
(fij ), where each fij ∈ Hol(σ(T )), the inequality k(fij (Tb))k ≤ k(fij (T ))k is satisfied, where of course, the n × n operator matrices act on the Hilbert space H(n) ,
the direct sum of n copies of H, and the norm indicated is the operator norm on
(n)
L(H ). As the following theorem shows, it is possible to obtain useful information
about Te and Tb by studying maps between the algebras AT , ATe , and ATb .
Theorem 4.1. For every T in L(H), with Tb, Te, and Hol(σ(T )) as defined
above,
b : AT → A b and Φ
e : AT → A e defined by Φ(f
b (T )) = f (Tb),
a) the maps Φ
T
T
e
e
Φ(f (T )) = f (T ), f ∈Hol(σ(T )), are well-defined contractive algebra homomorphisms; in particular, max{kf (Tb)k, kf (Te)k} ≤ kf (T )k, f ∈Hol(σ(T )).
b and Φ
e in a) are completely contractive, meaning
b) More generally, the maps Φ
that for every n ∈ N and every n × n matrix (fij ) with entries from Hol(σ(T )),
max{k(fij (Tb))k, k(fij (Te))k} ≤ k(fij (T ))k.
c) Every spectral set [M -spectral set (for fixed M > 1)] for T is also a spectral
set [respectively, M -spectral set] for both Tb and Te.
d) If W (S) denotes the numerical range of an operator S in L(H), then W (f (Tb))− ∪
W (f (Te))− ⊂ W (f (T ))− , f ∈Hol(σ(T )), and, moreover, if T belongs to some class
Cρ , then Tb and Te belong to Cρ also (see [25, p.45] for the definition of these classes).
e and Φ
b are completely contractive is
One reason for establishing that the maps Φ
that the extension theorems of Arveson and Stinespring can be applied to obtain
the structure of such maps (cf., e.g., [26]), and thus we get the following.
e and Φ
b be the
Theorem 4.2. Let T be an arbitrary operator in L(H), and let Φ
e
e
b=K
bT
maps defined in Theorem 4.1. Then there exist Hilbert spaces K = KT and K
∗
∗
∗
e : C (T ) → L(K)
e and Ψ
b : C (T ) → L(K)
b
containing H, and C -homomorphisms Ψ
(where C ∗ (T ) is the smallest unital C ∗ -algebra containing AT ) such that for every
e (T )) = PH Ψ(f
e (T ))|H and Φ(f
b (T )) = P (2) Ψ(f
b (T ))|H , where
f in Hol(σ(T )), Φ(f
H
(1)
(2)
e and K,
b respectively, onto H.
PH and PH are the orthogonal projections of K
5. Aluthge iterates
For an arbitrary T in L(H), let Te(0) = T and Te(n+1) = (Te(n) )e for n ∈ N. In this
section we discuss whether the sequence {Te(n) }∞
n=1 of iterated Aluthge transforms
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of T converges in an operator topology in L(H). This question is affimative under
several assumptions and we introduce them below.
Proposition 5.1. Suppose T ∈ L(H) is nilpotent of order m ≥ 2. Then (Te)m−1 =
0 and Te(m−1) = 0. Thus the sequence {T̃ (n) }∞
n=1 is norm-convergent to zero.
Theorem 5.2. Suppose T ∈ L(H) and is strongly quasinilpotent. Then the sequence {Te(n) } converges to zero in the norm topology.
However, in general the above question is negative, for example we have the
following counterexample.
Proposition 5.3. Suppose a and b are any distinct positive real numbers. Then
there is a unilateral weighted shift T := Wα with weight sequence α such that the
sequence of the first weights of {Te(n) }∞
n=1 have two subsequences converging to a
and b, respectively, which implies that there exists an operator T such that the
sequence {Te(n) }∞
n=1 does not converge in the weak operator topology.
∞
converges in the strong
In fact, we are unable to decide whether {Te(n) }n=1
operator topology (or the weak operator topology) when T is hyponormal.

Theorem 5.4. Let T ≡ Wα be a hyponormal bilateral weighted shift on `2 (Z)
with a weight sequence α ≡ {αn }n∈Z . Let a := inf{αn }n∈Z and b := sup{αn }n∈Z .
Then {Te(n) }∞
n=1 converges to a quasinormal operator in the norm topology if and
only if a = b.
The following example shows the existence of an operator T such that {Te(n) }∞
n=1
converge in the strong operator topology but not the norm topology.
Example 5.5. Let T ≡ Wα be a hyponormal bilateral weighted shift on `2 (Z)
with weight sequence α ≡ {αn }n∈Z , where αn is given by αn = 1/2 (n < 0) and
αn = 1 (n ≥ 0). By Theorem 5.4, {Te(n) }∞
n=1 does not converge to a quasinormal
operator in the norm topology. In fact SOT-limn→∞ Te(n) = B (where B is the bilatQn
(nj) 21n
eral unweighted shift). Indeed, we first observe that Te(n) ek = ( j=0 αj+k
) ek+1 ,
Q
(nj) 21n
(n)
n
for all n ∈ Z. So the weight sequence of Te(n) is composed of α
ek := ( j=0 αj+k
) ,
Pn ¡n¢
Pk−1
(n)
n
n
k ∈ Z. For n > k, we have | ln α
e−k | = |1/2 · j=0 j ln αj−k | = | ln 2·1/2
j=0 n!/j!(n−
Pk−1
(n)
n
j)!| and limn→∞ 1/2 · j=0 n!/j!(n−j)! = 0, for a fixed k ∈ N. Hence limn→∞ α
e−k =
(n)
1 for each k ∈ N. Since limn→∞ α
e = 1 for k ≥ 0 obviously, SOT-limn→∞ Te(n) =
k

B.
If T is quasinormal, obviously {Te(n) }∞
n=1 converges to T . If T is a hyponormal
weighted shift with weight sequence {αn }n∈Z+ , which converges to α, then by the
Qn
(nj) 21n ∞
previous argument, Te(n) is a weighted shift with weight sequence {( j=0 αj+k
) }k=0
for each n ∈ Z+ , whose k-th weight, by a straightforward calculation, converges to
α for each k = 0, 1, .... Consequently, {Te(n) }∞
n=1 converges to αU (where U is the
unilateral unweighted shift) in the norm topology. Note that αU is quasinormal.
Thus we may suggest a conjecture as following.
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Conjecture 5.6. If T ∈ L(H) is a p-hyponormal operator with 0 < p ≤ ∞,
then {Te(n) }∞
n=1 converges in the strong operator topology.
The ideal of Hilbert-Schmidt operators in L(H) will be denoted by C2 (H) and the
inner product and norm on C2 (H) by h · , · i2 and k k2 , respectively. If T ∈ C2 (H),
we denote by S(T ) the set of all operators S in C2 (H) such that for every m ∈ N\{1},
tr(T m ) = tr(S m ).
e(n) }
Proposition 5.7. Suppose T ∈C2 (H) and {Te(nk ) }∞
k=1 is a subsequence of {T
(nk )
e
that satisfies limk kT
− Lk2 = 0 for some operator L (necessarily in C2 (H)).
Then kLk = inf n∈N kTe(n) k = limk kTe(nk ) k, kLk2 = inf n∈N kTe(n) k2 = limk kTe(nk ) k2 ,
and L ∈ S(T ).
Unfortunately, since the unit ball in C2 (H) is not k k2 -compact, we can not
draw the same conclusions as were established in the above remark in the finite
dimensional case. Further progress along these lines would be more likely if we
could settle the following questions.
Problem 5.8. Is the map e : L(H) → L(H) continuous at every T ∈ L(H)
when both copies of L(H) are given the operator-norm topology (cf. [5])?
Problem 5.9. Is the map e : L(H) → L(H) (SOT, WOT)-continuous at every
T in L(H)? (Here SOT [WOT] denotes the strong [respectively, weak] operator
topology on L(H)).
Problem 5.10. Is the map e : C2 (H) → C 2 (H) (k k2 , k k2 )-continuous?
6. Backward Aluthge iterates
Suppose T ∈ L(H) and there exist T0 ∈ L(H) and a positive integer k such
(k)
that Te0 = T. We then say that T0 is a backward Aluthge iterate of T of order
k and we write A−k (T ) for the set of all such T0 . Moreover, we write A−∞ (T ) =
S
k∈N A−k (T ). The first remark to be noted concerning such a set A−∞ (T ) is that
it may be empty. This will happen, of course, if and only if T is not in the range
of the mapping e : L(H) → L(H). For example, it is immediate from [19, Th. 1.3
and Prop. 1.12] that if T satisfies ker T 6= (0) but ker T ∗ = (0), then T cannot be
in the range of e , so A−∞ (T ) = ∅. On the other hand, A−∞ (0) contains the set of
all nilpotent operators in L(H). For many operators T in L(H) it is of interest to
try to identify A−∞ (T ) for the following reasons.
Theorem 6.1. If T ∈ L(H), then T has a nontrivial invariant subspace if
and only if every (equivalently, some) quasiaffinity in A−∞ (T ) has a nontrivial
invariant subspace.
The following result shows that finding (members of) A−∞ (H) when H is a
hyponormal operator might be useful.
Theorem 6.2. If H is a hyponormal operator in L(H) and T ∈ A−∞ (H), then
for all sufficiently large k ∈ N, T k has a nontrivial invariant subspace. Moreover,
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if the spectrum σ(T ) of T has the property that σ(T ) ∩ U is dominating for some
nonempty open set U ⊂ C, then T itself has a nontrivial invariant subspace.
Problem 6.3. Let H = H(H) denote the class of all hyponormal operators in
L(H), and denote by A−k (H) the union ∪H∈H A−k (H). One knows from [1] that
A−1 (H) contains all 12 -hyponormal operators and that A−2 (H) contains all loghyponormal operators and all p-hyponormal operators for which 0 < p ≤ 1. What
can be said about the classes A−3 (H), etc.? (Note that by virtue of Theorems 6.1
and 6.2, every operator in A−k (H), k ∈ N, with spectrum dominating some open
set has a nontrivial invariant subspace.)
Problem 6.4. Suppose we denote by C(H) the set of all T in L(H) such that
the sequence {Te(n) } is norm-convergent. Is the map b : C(H) → L(H) defined by
Tb = limn Te(n) norm-continuous on C(H)?
7. Invariant subspace problem
If T ∈ H is not a quasiaffinity then 0 ∈ σp (T ) ∪ σp (T ∗ ), so trivially T has a nontrivial invariant subspace. Thus we will focus on the cases where T is a quasiaffinity,
and so T and Tb are unitarily equivalent. In the sequel we will assume that T is a
\
quasiaffinity. As Aluthge interation, we define Tb(1) := Tb and Tb(n+1) := (Tb(n) ) for
every n ∈ Z+ . Then the following question arises naturally: For every hyponormal
operator T ∈ H, does the sequence {Tb(n) } of iterated transforms converge in the
strong operator topology ? Here is a partial solution for this question.
Theorem 7.1. Suppose T ∈ H is a hyponormal operator. Then the sequence
{Tb(n) } converges in SOT to a limit TbL , which is a quasinormal operator such that
||TbL || = ||T ||, or equivalently, r(TbL ) = r(T ), where r(·) denotes the spectral radius.
Note that T is pure (i.e., T has no reducing subspace M such that T |M is normal)
if and only if Tb is pure because T and Tb are unitarily equivalent. So if T is pure then
{Tb(n) } is a sequence of pure operators. We need not, however, expect that TbL is
pure. For example, if T ≡ Wα is a hyponormal bilateral weighted shift with weight
sequence α ≡ {αn }n∈Z then Tb(n+1) = B ∗n |T | B n+1 , where |T | := diag (αn )n∈Z and
B is the bilateral unweighted shift. Thus we can see that {Tb(n) } converges in SOT
to k B, where k := sup{αn }. Note that k B is normal even though T is a pure
hyponormal operator. We however have:
Theorem 7.2. If T ∈ H is a hyponormal operator and TbL is pure then T has
a nontrivial invariant subspace.
To solve the invariant subspace problem for hyponormal operators, in view of
Theorem 7.2, we should answer it for the cases that TbL is not pure. First of all we
need to answer:
Problem 7.3. If T ∈ H is hyponormal and TbL is normal, does T have a
nontrivial invariant subspace ?

ALUTHGE TRANSFORMS OF OPERATORS

67

Acknowledgement. The author acknowledges the sabbatical support of Kyungpook National University, 2003.

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integral Equations Operator Theory
13(1990), 307-315.
, Some generalized theorems on p-hyponormal operators, Integral Equations
and Operator Theory 24(1996), 497-501.
A. Aluthge and D. Wang, w-hyponormal operators, Integral Equations Operator Theory,
36(2000), 1-10.
, w-hyponormal operators, II, Integral Equations Operator Theory, 37(2000),
324-331.
C. Berger, Sufficiently high powers of hyponormal operators have rationally invariant subspaces, Integral Equations Operator Theory 1(1978), 444-447.
C. Bosch, C. Hernandez, E. De Oteyza, and C. Pearcy, Spectral pictures of functions of
operators, J. Operator Theory 8(1982), 391-400.
S. Brown, Hyponormal operators with thick spectrum have invariant subspaces, Ann. Math.
125(1987), 93-103.
B. Chevreau, On the spectral picture of an operator, J. Operator Theory 4(1980), 119-132.
M. Cho, I. Jung and W. Lee, On Aluthge transforms of p-hyponormal operators, submitted.
J. Conway, Subnormal operators, Pitman, London (1981).
, The theory of subnormal operators, Math. Surveys and Monographs, Amer.
Math. Soc. 36(1991).
R. Curto, M. Muhly and D. Xia, A trace estimate for p-hyponormal operators, Integral
Equations Operator Theory 6(1983), 507-514.
C. Foias, I. Jung, E. Ko and C. Pearcy, Complete contractivity of maps associated with the
Aluthge and Duggal transforms, Pacific J. Math. 209(2003), 249-259.
M. Fujii and Y. Nakatsu, On subclasses of hyponormal operators, Proc. Japan Acad. 51(1975),
243-257.
T. Furuta, Generalized Aluthge transformation on p-hyponormal operators, Proc. Amer.
math. Soc., 124(1996), 3071-3075.
T. Furuya, A note on p-hyponormal operators, Proc. Amer. Math. Soc., 125(1997), 36173624.
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