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INTERPOLATION SERIES OF CONTINUOUS FUNCTIONS IN
LOCAL FIELDS
SANGTAE JEONG
Abstract. We introduce a variety of orthonormal bases to characterize con-

tinuous functions de ned on the integer rings of local elds.

1. Introduction
Since Mahler's expansion theorem for p-adic continuous functions, much progress
has recently been made on the characterization of continuous functions de ned over
the integer rings of local elds. By introducing useful criteria to characterize such
continuous functions, we illustrate several examples of orthonormal bases in spaces
of continuous functions. As is well known, the importance of orthonormal bases
lies in the study of the space of measures, viewed as the dual space of continuous
functions.
Let K be a local eld of any characteristic with the ring O of integers of K ,
and let m be the maximal ideal of O with a uniformizer : We denote the residue
eld by F = O=m of cardinality q: Then every non-zero element of K is written
uniquely as a Laurent series in  with coecients in F. Let j  j be the absolute
value on K associated with a normalized discrete valuation v of K: Then K is a
non-Archimedean complete eld with respect to jj: Typical examples of local elds
are Q p ; Fq ((T )) and nite extensions of Q p ; Fq ((T )), respectively.
Let (E; k  k) be a Banach space over a local eld K with a norm k  k satisfying
the ultra-metric inequality: for f; g 2 E , kf + gk  maxfkf k; kgkg:
For E0 := ff 2 E : kf k  1g; we form the residual space E := E0 =mE0, which
turns out to be a vector space over the residue eld F: Throughout the paper, we
assume kE k = jK j, by which we mean here that every non-zero element of E has
its norm value in the value group of K so that elements of E can be scaled to
have norm 1. A concrete example of such a Banach space is E := C (Zp; Q p ), the
space of p-adic continuous functions from Zp to Q p ; equipped with the sup-norm
kf k = supx2Zpfjf (x)jg: It is easy then to check the residual space of E , C (Zp; Q p ) is
isomorphic to C (Zp; Fp ) and we may take another example of such a Banach space
over a local eld of positive characteristic, say Fq ((T )): More generally, for a given
local eld K , we denote by C (O; K ) the K -Banach space of continuous functions
from O to K , topologized by the sup-norm. In this paper we aim to survey a
variety of orthonormal bases to characterize elements of C (O; K ) and give a closed
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formula for expansion coecients involving the di erence operators, if necessary.
Indeed, this paper is based on recent work by K. Conrad [Co2], in which a general
theory of orthonormal bases is developed and on the author's work in local elds
of characteristic p > 0 [J2].
2. Criteria for orthonormal bases
To begin with, we introduce several criteria of orthonormal bases for E :=
C (O; K ); which will be used to give much simpler proofs for known orthonormal
bases such as Mahler's binomial coecient polynomials and to construct orthonormal bases out of a collection of known functions via the digit expansion. Before
proceeding we give a de nition of what an orthonormal basis is in a Banach space
E.
De nition 2.1. Let K be a local eld, and E be a K -Banach space equipped with
a norm k  k. We say that a sequence ffngn0 in E is an orthonormal basis for E
if and only if the following conditions are satis ed: P
(1) every f 2 E can be expanded uniquely as f = 1
n=0 an fn , with an 2 K:
(2) fan g is a null sequence in K , that is an ! 0:
(3) The norm of f is given by kf k = maxfjan jg:
The rst criterion of orthonormal bases is due to Serre [Se].

OBC 1. Let K be a local eld and E be a K -Banach space so that kE k = jK j: A
sequence ffng 2 E is an orthonormal basis of E if and only if

(1) every function fn lies in E0 :
(2) the reduced functions fn 2 E form an F-basis of E in the algebraic sense,
where F = O=m is the residue eld.

n
Since C (O; F ) = lim
! Maps(O=m ; F), OBC 1 is reduced to a linear algebra
problem: A necessary and sucient condition for ffngn0 to be an orthonormal
basis for C (O; K ) is that
(a) each fn maps O into itself.
(b) for any n  0; the reduced functions f 0 ;    f qn ;1 ; are linearly independent
over F as elements of Maps(O=mn ; F):
>From now on, the functions satisfying part (a) are said to be integral-valued.
We now give a slight modi ed version of Serre's criterion, which is useful to use
only if there is a known orthonormal basis to compare with.

OBC 2. Let K be a local eld and E be a K -Banach space with an orthonormal
basis fengn0 : If fn 2 E with supn0 kfn ; en k < 1 for every n; then ffn gn0 is
an orthonormal basis of E:

OBC 2 follows at once from OBC 1 but we refer to [Co1] for a direct proof using
the norm inequality. Recently K. Conrad used both OBC 1 and linear algebra to
give a construction of orthonormal bases out of known functions via q-adic digit
expansion, which is called digit principle(OBC 3 and OBC 4).
De nition 2.2. (1) Write a non-negative integer j in base q as
j = 0 + 1 q +    + n;1 qn;1 with 0  k < q;
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Then the sum of digits of j is de ned as s(j ) = 0 + 1 +    + n;1 :
(2) For a given family of functions fen gn0; the sequence ffj gj0 is called the
extension of the sequence en by q-digits if for each non-negative integer j ,

fj := e0 0 e1 1    e

n;1 :
n;1

OBC 3. Let K be a local eld and let Hn be a sequence of open subgroups of O
such that Hn+1  Hn and \Hn = 0. Suppose there is a sequence of integral-valued
functions, fen g 2 C (O; K ) and for all n  1, the reductions e0 ;    ; en;1 2 C (O; F)
are constants on the cosets of Hn and the map
O=Hn ! Fn ; x 7! (e0 ;    ; en;1 (x))
is bijective. Then the extension of the sequence en by q-digits gives an orthonormal
basis of C (O; K ).

In local elds K of positive characteristic, OBC 3 can be much simpli ed to the
following because, unlike p-adic cases, C (O; K ) has the closed subspace consisting
of F-linear continuous functions from O to K; which we denote by LC (O; K ):

OBC 4. If fengn0 is an orthonormal basis of LC (O; K ); then the extension of
the sequence en by q-digits is an orthonormal basis of C (O; K ):
Tateyama [Ta] obtained a criterion that a sequence of polynomials ffj gj0 being
a orthonormal basis of C (O; K ) can be given in terms of degrees and leading coefcients (lc for short). To state it, we denote by P (O; O) the O-module generated
by integral-valued polynomials, which is known dense in C (O; K ):

OBC 5. If a sequence of polynomials fj of degree j  0 in P (O; O) satis es
v(lc(fj )) = ; j q;;s(1j ) ;
then the sequence ffj gj0 forms an orthonormal basis of C (O; K ):
At last we close this section by giving a (density) criterion known in nonArchimedean analysis. In order to use it we need an orthogonality condition for
elements in a Banach space [S].

OBC 6. Let K be a non-Archimedean complete local eld, and E be a K -Banach
space, and ffj gj0 be a sequence of orthonormal elements whose SpanK ffj : j  0g
is dense in E . Then ffj gj0 is an orthonormal basis for E .
3. Orthonormal Bases
3.1. Characteristic 0. In 1944 Dieudonne [Di] proved an analogue of the Weierstrass approximation theorem for continuous functions de ned on compact subgroups of local elds. In 1958 Mahler [M] sharpened this result by showing that
any P
continuous
;xfunction f on Zp is the uniform limit of an interpolation series
1
f = n=0 an n ; where the coecients an are uniquely recovered by iterating the
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di erence operators :

 
n
X
n
k
an = ( f )(0) = (;1) nk f (n ; k);
k=0

where f (x) = f (x + 1) ; f (x): In a simple terms described in De nition 2.1, we
can restate Mahler' result in terms of the binomial coecient polynomials .
; 
Theorem 3.1. f nx gn0 is an orthonormal basis of C (Zp; Q p ): Moreover the coecients an are uniquely recovered by the di erence operator given above.
A simple proof of this result is given using a reduced version of OBC 1. Since
 

 

a  b
i
i
;x
n
n
for 0  i  p ; 1; so i make sense in Maps(Z=p Z; Fp ): Thus it suces to check
that these functions span Maps(Z=pnZ; Fp ) as an Fp -vector space. In fact, this can
a  b mod pn )

be done by showing that the spanning
;  set of characteristic functions at all points
of Z=pnZ is in the span space of f xi g0ipn ;1 :
Since Mahler, di erent proofs of his theorem were given by Amice [Am] and
Bojanic [Bo]. In particular, Amice generalized Mahler's theorem to any nite extension of Q p . Let K be a local eld, O the ring of integers, m = () the maximal
ideal of O, F = O=m the residue class eld of q elements and S = f 0 ; 1 ;    ; q;1 g
be a system of representatives of F: For an integer n  0; written q-adically by
n = 0 + 1 q +    + s qs with 0  k < q;
we associate the element
un = 0 + 1  +    + s s :
With these elements we form a sequence of Newton-type interpolation polynomials
as follows:
P0 (x) = 1; Pn (x) = (x ; u0 )(x ; u1 )    (x ; un;1 );
Q0 (x) = 1; Qn (x) = Pn (x)=Pn (un ):
Theorem 3.2. fQn(x)gn0 is an orthonormal basis of C (O; K ):;xIn particular,
when K = Q p ; O = Zp;  = p; S = f0; 1; ;    ; p ; 1g; then Qn (x) = n :
Caenepeel [Cae] also gave a simple generalization of Mahler's theorem by using
a reduced version of OBC 1, which states
Theorem 3.3. For each non-negative integer m, f;nxmgn0 is an orthonormal
basis of C (Zp; Q p ):
We here introduce a q-analogue of Mahler's expansion theorem, which is developed by K. Conrad [Co1]. For now, let K be a nite extension of Q p and q 2 K with
jq ; 1j < 1; then we may not confuse q in K with another q denoting the cardinality
of the residue eld F; because the distinction will be clear from the contexts. For
an integer n and an indeterminate q, we de ne the q-analogue of n:
n
(n)q = qn ;;11 ;
and then the q-factorial is de ned using (n)q in such a similiar way as the classical
fatorial. The q-binomial coecient for non-negative integers m and n with m  n
is de ned as
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m =
(m)q !
n q (n)q !(m ; n)q ! :
; 
; 
Note that mn 1 = mn : We then formulate a q-analogue of Mahler's theorem.
Theorem
;x 3.4. Let K be a nite extension of Q p and q 2 K with jq ; 1j < 1:
(1) f n q gn0 is an orthonormal basis; of C (O; K ):
P
(2) Moreover, writing f = n0 cn;q nx q ; the coecients are given by
n n
X
cn;q =
(;1)n;k q(n;k)(n;k;1)=2 f (k):
k
q
k=0

Four di erent proofs of Theorem 3.4 are known but we here give a simple proof
among them, which depends on Mahler's theorem and an inequality involving qbinomial coecients [Co1]. This inequality implies that
 

 

j nx ; nx j  jq ; 1j < 1;
q

so we are done by OBC 2.
We now turn to some applications of the digit principle.
Theorem 3.5. For n  0; write n = 0 + 1 p +    + s ps with 0  k < p: Set
 

0







s
   pxs :
Then ff nx ggn0 is an orthonormal basis of C (Zp; Q p ):

f nx g := x1

x
p

1

To prove Thoerem 3.5, it suces to show by OBC 4 that for each x 2 Zp=pn Zp,
the functions
 
x mod p; x mod p;     x  mod p
1
p
pn;1
determines x. It is easy to see the claim follows from Lucas' congruence theorem.
As an immediate consequence of Theorem 3.5 we deduce; Mahler's
;  theorem by
checking that the transition matrix from f x0 g;    f nx g to x0    nx is triangular
with all diagonal entries having p-adic units.
Three generalizations of Mahler's Theorem are also given by van Hamme, who
did not use any criteria provided in section 2 but hypergeometric series and the
convolution of two sequences. We refer the reader to [Ham] for more details.
3.2. Characteristic p. We will characterize continuous functions in local elds of
positive characteristic. Before proceeding, we rst introduce some notations and
analogies with p-adic elds.
Let Fq [T ] be the ring of polynomials in one variable T over a nite eld Fq of q
elements and let Fq ((T )) be the eld of formal Laurent series in T with coecients in
Fq with the absolute value j  j associated to a usual (normalized) discrete valuation
v. Then the discrete valuation ring of v consists of formal power series in T , which
we denote by Fq [[T ]]: We then have the well known analogies:
Z $ F q [T ]; Zp $ Fq [[T ]]; Q p $ F q ((T )):
Let C (Fq [[T ]]; Fq ((T ))) be the Fq ((T ))-Banach space of continuous functions
f : Fq [[T ]] ! Fq ((T )) with the sup-norm kf k = maxx2Fq [[T ]]fjf (x)jg and let
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LC (Fq [[T ]]; Fq ((T ))) be the closed subspace of continuous Fq -linear functions f :
Fq [[T ]] ! F q ((T )) under the metric induced from C (F q [[T ]]; Fq ((T ))):
Let

Y

en (x) =

2 F q [T ]

(x ; ); n  1; e0(x) = x;

deg < n

Let F0 = 1 and for n  1 let

n;1

Fn = [n][n ; 1]q    [1]q ;
where [n] = T qn ; T: Then it is known that Fn is the product of all monic polynomials in Fq [T ] of degree n:
De nition 3.6. (1) Put En (x) = en(x)=Fn for any integer n > 0 and E0(x) = x:
We call fEn gn0 Carlitz linear polynomials.
(2) For a non-negative integer j; written in base q by
j = 0 + 1 q +    + s qs
with 0  i < q; put
Gj (x) :=
and

s
Y

n=0

En n (x); j  1; G0 (x) = 1;

Gj (x) :=

where

G qn (x) =



s
Y
n=0

G n qn (x);

En (x)
if 0  < q ; 1
En (x) ; 1 if = q ; 1:

We call fGj gj0 Carlitz polynomials.
Note that these Q
Gj (x) and Gj (x) are polynomials of degree j and they have
leading coecients sn=0 Fn n which is known as an analogue of the classical factorial. Moreover, it is known in [C2] that Gj (x) and Gj (x) are integral-valued
; 
polynomials satisfying the binomial identity as the binomial polynomials nx do in
p-adic integers .
It is necessary to recall the Carlitz di erence operators [C1] to get a formula for
expansion coecients.
De nition 3.7. Carlitz di erence operators, (n) are de ned recursively as follows:
n;1
((n) f )(x) = (n;1) f (Tx) ; T q (n;1) f (x); n  1; (0) = id:
Following Amice's theory [Am] in p-adic elds, in 1971 C. Wagner [W1] rst
employed Newton type interpolation polynomials to establish a characteristic p
analogue of Mahler's theorem and then another proof was given by D. Goss [Go1].
Theorem 3.8. (1)PfGj (x)gj0 is an orthonormal basis of C (Fq [[T ]]; Fq ((T ))):
(2) Write f = j0 Aj Gj (x). Then Aj can be determined by the formula: For
any integer n such that qn > j ,
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Aj = (;1)n

X

2 Fq [T ]

deg(

Gqn ;1;j ( )f ( ):

)<n

Wagner [W3]Palso gave an alternate proof of Theorem 3.8 by directly showing
that the series 1
n=0 Aj Gj (x) converges uniformly to f (x) on Fq [[T ]] where Aj is
given above. As a corollary to Theorem 3.8 he showed that
Corollary 3.9. Let f be given as f = Pj0 Aj Gj (x). Then f 2 LC (Fq [[T ]]; Fq ((T )))
if and only if Aj = 0 for j 6= qn ; where n  0:
Wagner [W2] used non-Archimedean analysis to give another proof of Corollary
P1 3.9 by showing for a given continuous Fq -linear function f that the series
n=0 Aqn En (x) converges to uniformly to f (x) on F q [[T ]]:
Theorem 3.10. P
(1) fEn (x)gn0 is an orthonormal basis of LC (Fq [[T ]]; Fq ((T ))):
(2) Write f = 1
n=0 an En (x): The coecients fan gn0 can then be recovered by
the Carlitz di erence operators (n) :
an = (n) f (1):
In the reverse way to Wagner's, we use the digit principle(OBC 4) to give
much simpler proofs of the preceding two theorems. To prove Theorem 3.10, by
applying (reduced) OBC 1 to LC (Fq [[T ]]; Fq ((T ))) we need only to check that
for any n  1; E 0 ; E 1    E n;1 are linearly independent over Fq as elements of
Maps(Fq [T ]=T n; Fq ): Suppose that
0 E 0 (x) + 1 E 1 (x) +    + n;1 E n;1 (x) = 0:
Plugging 1; T;    T n;1 into x successively gives us i = 0 for 0  i  n ; 1;
as Ei (T i ) = 1 for all i: Therefore we get Theorem 3.10 and the digit principle
implies Theorem 3.8 . The closed formula for expansion coecients follows from
Carlitz's integral formula [C2], which is based on the (binomial) identities Carlitz
polynomials Gj and Gj satisfy. In linear cases, the coecient formula is rather
easy to derive.
We mention here that a variant of Theorem 3.8 follows from computing the
valuation of leading coecients of Carlitz polynomials Gj (x) [Go2] together with
OBC 5.
Theorem 3.11. fGj (x)gj0 is an orthonormal basis of C (Fq [[T ]]; Fq ((T ))):
There is another class of Fq -linear non-polynomial functions which have a close
similiarity with Carlitz linear polynomials. We introduce a sequence of Fq -linear
operators, called hyperdi erential operators, Dn ; n  0; de ned by
X

Dn (

ai T i ) =

X

 

i
i;n
n ai T :

These operators were rst introduced by Hasse [Has] and then studied by Hasse and
Schmidt [HS] and Teichmuller [Tei]. Moreover, it is known that they are Fq -linear
continuous operators de ned over Fq [[T ]] and like the ordinary higher derivatives,
hyperdi erential operators satisfy various properties such as the general product
rule, quotient rule and chain rule, etc.
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De nition 3.12. (1) For a non-negative integer j; written in base q by
j = 0 + 1 q +    + s qs
with 0  i < q; put
s
Y
Dj (x) := Dn n (x); j  1; D0(x) = 1:
(2) Set
where

n=0

Dj (x) :=
D qn (x) =



s
Y
n=0

D n qn (x);

Dn (x)
if 0  < q ; 1
Dn (x) ; 1 if = q ; 1:

Parallel to Wagner's result(Theorem 3.10), we get the following
Theorem 3.13. P
(1) fDn(x)gn0 is an orthonormal basis for LC (Fq [[T ]]; Fq ((T ))).
(2) Write f = 1
n=0 bn Dn (x): The coecients can be recovered by iterating the
Carlitz di erence operator :

bn = (n f )(1) =
where  := (1) is de ned above.

n
X
i=0

(;1)n;i f (T i)Di (T n );

Three di erent proofs of Theorem 3.13 are given by Snyder [Sn], the author
[J1] and Conrad [Co2]. We mention that the rst two proofs depend on Wagner's
result. In fact Snyder establishes the result by imitating Wagner's arguments on
non-Archimedean analysis and the author's proof is based on OBC 6. On the
other hand, Conrad uses OBC 4 to give a simple and alternate proof, which is
independent of Wagner's theorem. Speci cally as in Carlitz linear polynomials,
we are done by showing that as Fq -linear functionals of Fq [T ]=T n; the reduced
functions, D0 ; D1    ; Dn;1 are dual to a basis 1; T;    ; T n;1 for the vector space
Fq [T ]=T n:
The coecient formula is immediate from the observation that  acts on Dn
by shifting, namely Dn = Dn;1 : But the explicit formula for (n f )(1) is given
by induction n. Passing to q-adic extension of hyperdi erential operators, the rst
part of Theorem 3.14 is immediate from OBC 6. As for the coecient formula it
can be obtained in two di erent ways. See [J2],[J3] for more details on this.
Theorem 3.14. (1)fDj (x)gj0 are orthonormal
bases of C (Fq [[T ]]; Fq ((T ))):
P
(2) Write f 2 C (F q [[T ]]; Fq ((T ))) as f = j0 Bj Dj (x): Then Bj can be recovered by the formula: For any integer n such that qn > j ,
X
Bj = (;1)n
Dqn ;1;j ( )f ( ):
2 F q [T ]

deg(

)<n

A close relation between Carlitz linear polynomials and hyper-di erential operators is observed by the author's using OBC 2 [J2]. The two bases are essentially
equivalent, which means here that Carlitz linear polynomials being an orthonormal
basis for LC (Fq [[T ]]; Fq ((T ))) can be deduced from knowing that hyper-di erential
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operators are an orthonormal basis and vice versa. The equivalence relation between the two bases of the subspace LC (Fq [[T ]]; Fq ((T ))) gives us that both Carlitz polynomials fGj gj0 and digit derivatives fDj gj0 have the same images in
the reduced space C (Fq [[T ]]; Fq ): Thus we see with no further work that the qadic extensions of these two bases in LC (Fq [[T ]]; Fq ((T ))) are orthonormal bases
of C (Fq [[T ]]; Fq ((T ))): We nally give a characteristic p analogue of Theorem 3.3,
which follows again from OBC 2.
Theorem 3.15. Let X be a compact subset of Fq ((T )); or more generally any
compact Hausdor totally disconnected topological
space and let ffj gj0 is an orm
q
thonormal basis of C (X; Fq ((T ))): Then ffj gj0 is an orthonormal basis for
C (X; Fq ((T ))) for all positive integer m:
3.3. Any characteristic. Let K be a local eld of any characteristic, O the ring
of integers of K , m a uniformizer of O, F = O=m the residue eld of O of cardinality
q: We rst de ne the so-called Fermat quotient polynomial  given by

(x) = x ; x
and its iterates n ; n  1 with 0 (x) = x: Then we see easily that each n is an
integral-valued polynomial of degree qn . For a non-negative integer j with
j = 0 + 1 q +    + s qs ;
where 0  i < q; we associate the function
j (x) := (0 x) 0 (1 x) 1    (s x) s ; j  1; 0 (x) := 1:
Then j is also an integral-valued polynomial of degree j and has leading coecient
q

of valuation ; j;q;s(1j) . Thus the following is immediate from OBC 5.
Theorem 3.16. fj (x)gj0 is an orthonormal basis of C (O; K ):
This result can be also derived from OBC 4 by showing that the map O=n !
n
Fq de ned by x 7! ( 0 (x);    ;  n;1 (x)) is bijective. Furthermore, by forming
a small variant of Fermat quotient polynomials Buium [Bui] generalizes Theorem
3.16 to the case where K is a Galois extension of a nite extension k of Q p and the
residue eld of k is of cardinality q: We also refer the reader to [CC] for another
orthonormal basis for C (O; K ) consisting of the iterates of the Fermat quotient
polynomials in the case where O is unrami ed over Zp:
The construction in Theorem 3.16 is formulated more generally by Tateyama [Ta]
using coecient functions arising from Lubin-Tate formal groups. Conrad [Co2]
develops this method systematically using the digit principle. Fix a uniformizer
 and a Lubin-Tate formal group F=O associated to some Frobenius power series
[](X ) 2 O[[X ]]. For an endomorphism of F attached to a 2 O, write
X
[a](X ) = [a]F (X ) + Cn;F (a)X n :
n1

Then using the formal group law and this equation gives us that the coecient
functions Cn;F are integral-valued polynomials of degree at most n in any characteristic. We give two examples of this case, one in each characteristic. Let F=Z2 be
the Lubin -Tate formal group attached to [2](X ) =;X2 + 2X = (1 + X )2 ; 1, Then
we see F is the multiplicative group and Cn;F = nx : The second example is the
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Carlitz module given by the Lubin-Tate group over Fq [[T ]] attached to the series
[T ](X ) = X q + TX: Then

k (a) ifn = q k ;
Cn;F (a) = E
0
otherwise:
Theorem 3.17. Let O be the integer ring of a local eld, F the residue eld of
cardinality q. For a Lubin-Tate group F=O, the polynomials
C1;F 0 Cq;F 1    Cqn ;F n ; n  0; 0  j  q ; 1
is an orthonormal basis of C (O; K ):
Our last example is an orthonormal basis due to Baker [Ba], consisting not
of polynomials, but of locally constant functions taking values in the Teichmuller
representatives. This also follows from OBC 3.
Theorem 3.18. Let K be any local eld, O its ring of integers,  a xed uniformizer of O, q = #O=: Fro each x 2 O, write
X
x = !i (x)i ;
i0

where !i (x) is a Teichmuller representative. Then the q-adic extension of !i (x),
j (x) is an orthonormal basis of C (O; K ); where
j (x) := !0 (x) 0 !1 (x) 1    !s (x) s

Finally one may think of many applications of orthonormal bases to di erent
settings, for example, the space of measures. But here we only mention the characterization of analytic or locally analytic functions in terms of the valuations of
expansion coecients with respect to the binomial coecient polynomials or Carlitz
polynomials. For a detailed reference, see [Am] and [Y].
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