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SELF-SIMILAR SOLUTIONS OF A PARABOLIC
PARTIAL DIFFERENTIAL EQUATION
SOYOUNG CHOI AND MINKYU KWAK
Abstract. In this note we classify positive solutions of an equation
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1. Introduction

In this note we investigate some properties of positive solutions of an equation
(1)
u + 12 x  ru + p ;1 1 u ; jujp;1 u = 0 in RN ;
where 1 < p < (N + 2)=N . This equation arises naturally in the study of the
asymptotic behavior of solutions of a semilinear parabolic equation
(2)

vt = v ; jvjp;1 v

in

RN  (0; 1):

We rst observe that if v(x; t) solves (2), then for  > 0, the rescaled functions
(3)

v (x; t) = 2=(p;1) v(x; 2 t)

de nes a one parameter family of solutions to (2). A solution v is said to be selfsimilar when v (x; t) = v(x; t) for every  > 0. It can be easily veri ed that v is a
self-similar solution to (2) if and only if v has the form
(4)

p

v(x; t) = t;1=(p;1) u(x= t);

where u satis es (1).
The asymptotic behavior of solutions of (2) is usually determined by the limiting
pro le of (3) as  ! 1, which becomes a self-similar solution (see [3]). Henceforth
the classi cation of solutions of (1) is valuable in some ways.
The positive radial solutions are fairly well-understood even though the property
of more general solutions is not revealed yet, see [3] for details.
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We here claim that every positive solution of (1) which decays to zero at in nity
must satisfy
(5)

lim jxj2=(p;1) u(x) = A( jxxj )

jxj!1

for some function A(!) on the unit sphere S N ;1 and conversely for every nonnegative integrable function A(!) on S N ;1 , there exists a unique positive solution of (1)
satisfying (5). This claim is not fully justi ed but we here announce some progress
toward this main goal.
2. Behavior near infinity

We consider positive solutions of (1) satisfying
(6)

lim u(x) = 0:

jxj!1

When the spatial dimension N = 1, (1) becomes an ordinary di erential equation.
Following [2], one can show that (5) holds. With additional e orts (using the
method developed in [4] and [5] for examples) one can extend this result to more
general type of equations including degenerate di erential equations,
(7)
(um )xx + 1 xux + p ;1 1 u ; jujp;1 u = 0 in R;
(8.)

(juxjp;2 )x + 1 xux + q ;1 1 u ; jujq;1 u = 0

in

R;

Here m 6= 1, p 6= 2, = 2(p ; 1)=(p ; m) and = p(q ; 1)=(q ; p + 1).
Nevertheless we have not found any clues for N  2.
3. Existence

The method which will be explained below became a fairly standard one since
introduced in [3] in treating self-similar solutions.
Given a nontrivial integrable function A(!) on S N ;1, we rst consider a positive
solution of (2) with an initial function
(9)

v(x; 0) = A( jxxj )jxj;2=(p;1)

for

x 6= 0:

The existence of such a solution is guaranteed by taking a monotone limit of a
family of positive solutions uk (x; t) of (2) with truncated initial functions
(10)

vk (x; 0) = minfk; A( jxxj )jxj;2=(p;1) g;

which is integrable in RN and its existence and uniqueness is proved in [1].
Moreover the above solution is minimal among all the positive solutions satisfying
(9) and thus self-similar as shown below; Let v(x; t) be the minimal solution. Then
given  > 0, obviously
2=(p;1) v(x; 2 t)  v(x; t):

10

SOYOUNG CHOI AND MINKYU KWAK

One also has for every  > 0

2=(p;1) v(x; 2 2 t)  v(x; 2 t):
Simply taking  = 1=, we obtain

v(x; t)  2=(p;1) v(x; 2 t):
As remarked earlier since v(x; t) is self-similar, v has the form

p

v(x; t) = t;1=(p;1) w(x= t);

(11)

where w satis es (1). Moreover

lim jxj2=(p;1) w(x) = jxlim
jxj2=(p;1) w( jxxj  jxj)
j!1

jxj!1

p

;1=(p;1) w( x = t)
= tlim
!0 t
jxj

= A( jxxj ):

4. Uniqueness

When A(!) is strictly positive for all ! 2 S N ;1, the uniqueness can be proved
by applying the maximum principle as we will see below. In fact let U and u be
any two solutions (we may assume that U  u).
We now de ne
(12)

l = minfk  1jku(x)  U (x); x 2 RN g

The set on the right hand side is not empty since we may take k large enough
in order that the inequality holds thanks to the boundary assumption (5). The
uniqueness proof is reduced to showing that l is not greater than 1.
Suppose not. From the boundary behavior at in nity, ku(x) must touch U (x) in
a compact subset of RN . But ku(x) is a super-solution and cannot touch U (x) from
above. Hence one can slightly reduce the factor l and still has the same inequality
in (12), which leads to a contradiction.
We do not have any proof when A(!) vanishes somewhere on S N ;1. Nevertheless
the uniqueness results hold for degenerate di erential equations [7] and [8] in R,
which will be announced in other space.
5. Radial solutions

of

In this section we remark on the nature of radial solutions of (1), that is, solutions

(13)

;g00 ; ( 2r + N r; 1 )g0 + jgjp;1 g = p ;1 1 g; r > 0
g0 (0) = 0
g(0) = :
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We see that g  (r) =  = ( p;1 1 )1=(p;1) is a constant solution. When >  ,
the corresponding solution is monotonely increasing to in nity since it is convex at
every critical point. g 0 is the minimal positive solution of (13) and decays at the
exponential rate as r ! 1. Hence it is called a fast orbit. See [2]. As well-known
g , 0 < <  , is the unique positive solution of (5.1) satisfying the decay rate
(14)

lim r2=(p;1) g (r) = C ( ) > 0

r!1

and thus called a slow orbit. >From the uniquenes of solutions, g; = ;g and we
are left to the case j j < 0 , 6= 0. But not much is known for this case.
Let k = N +2k;1 . The next results are the only available ones, see [3] for details.
Proposition 1. There exist at least 2k nontrivial fast orbits for (13) if 1=(p ; 1) >
2k+1 and if 2k+1 < 1=(p ; 1)  2k+3 and 0 < < 0 , then g (r) vanishes at
most k + 1 times for r > 0. Moreover if g vanishes exactly k + 1 times for r > 0,
then g becomes a slow orbit.
In particular, Proposition 1 implies that if N=2 < 1=(p ; 1)  1 + N=2 and
0 < j j < 0 , then g is a slow orbit since g changes sign for r > 0. Moreover we
can show that g is in fact a slow orbit if j j is relatively small.
Proposition 2. Let 1=(p ; 1) > 2k+1 , k  0 and 0 < j j < . If j jp;1 
1=(p ; 1) ; 2k+1 , then g vanishes at least k + 1 times for r > 0.
This result follows from the standard comparison argument, see [3] for a complete
proof.
The complete understanding of the nature of solutions of (13) is very important
in order to determine the large time behavior of solutions of (2) specially when the
initial data changes sign because the asymptotic pro le may be determined by its
lap number.
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