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SOME RECENT PROGRESS IN FUJITA CONJECTURE
SEUNGHUN LEE
Abstract. Linear systems have been one of the primary tools to understand

the geometry of algebraic varieties. However, for the last decade there has
been two new developments. First, vector bundle technique has emerged as
a powerful tool to analyze the linear systems on surfaces. Second, the cohomological method developed to study higher dimensional varieties has found
its applications on linear systems on threefold and higher. This article is an
survey on this developments with some recent results.

Fujita Conjecture

Let X be a smooth projective variety and let H be an ample Cartier divisor
on X . It is an interesting and classical question when the adjoint linear system
KX + H is base point free or even very ample where KX is the canonical divisor
on X . Thanks to Serre's theorem, we know that if H is suciently positive, e.g.
H = nA where A is ample and n >> 0, then the above linear systems is very
ample. But the result is not so practical. For this, we consider two examples.
(1) First, it is an simple application of the classical Riemann-Roch theorem that
an Cartier divisor D on a smooth projective curve C is base point free if deg(D)  2g
and very ample if deg(D)  2g + 1 where g is the genus of the curve C .
(2) As a second example, we consider the projective n-space Pn and a hyperplane
section H . Since KPn = ;(n + 1)H , KPn + mH is base point free if m  n + 1 and
very ample if m  n + 2.
In view of (2), we could restate (1) as follows
(1') Let C be a smooth projective curve and let D be an e ective divisor on C .
Then KC + D is base point free if deg(D)  2 and very ample if def (D)  3.
Generalizing these two example, Fujita raised in [F1] the following conjecture.
Conjecture A. Let X be a smooth projective variety of dimension n, let KX be a
canonical divisor on X , and let H be an ample Cartier divisor on X . Then
(BP) jKX + tH j is base point free for t  n + 1.
(VA) jKX + tH j is very ample for t  n + 2.
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Surfaces and Reider's theorem

As for surface, we know that the above conjecture is true, due to the following
beautiful theorem of Reider.
Theorem B [Rei]. Let S be a smooth projective surface and H be a nef Cartier
divisor on S .
(BP) Assume that H 2  5 and jKS + H j has a base point at p 2 S . Then there
exists an e ective divisor C on S containing p such that

H  C = 1 and C 2 = 0; or
H  C = 0 and C 2 = ;1:
(VA) If H  10 and if p; q are two (possibly in nitely near) points in S which
fails to be separated by jKS + H j, then there exists an curve C on S containing p
and q such that
H  C = 2 and C 2 = 0;
or
2
H  C = 1 and C = 0 or ; 1;
or
2
H  C = 0 and C = ;1 or ; 2:

Main ingredients of the proof is Bogomolov's instability theorem and Hodge index theorem. If one wants to prove weaker result as in Conjecture A, Hodge index
theorem is not necessary. In fact, Fernandez del Busto [FdB] proved that Bogomolov's instability theorem follows from Kawamata-Viehweg vanishing theorem,
and a direct proof of Conjecture A using Kawamata-Viehweg vanishing theorem
and graded linear systems technique(cf.[ELN]) is given in [Mas],[L2]. We recommend the lecture note [Laz] of Lazarsfeld for a very nice introduction on this circle
of area.
As for the pluricanonical systems on surface it has been extensively studied
by Kodaira (cf. [Kod]) and Bombieri (cf. [Bom]) in 60's and 70's. And now together with Theorem B, the picture is clear for high power of canonical systems.
However below the Reider's range less is known. Next we collect some of the results(cf. [Bom],[Ca1],
[CC1],[CC2],[Fr],[Re]).
Theorem C. Let S be a smooth projective minimal surface of general type and let
S0 be its canonical model. Then
(BP) (1) jmKS0 j is base point free for m  3.
(2) j2KS0 j is base point free if KS20  5 or pg (S0 ) > 0.
(VA) (1) jmKS0 j is very ample for m  5.
(2) j4KS0 j(resp.j3KS0 j) is very ample if KS20  2(resp.KS20  3).

Theorem C essentially follows from Theorem B and Adjunction theorem except
the condition pg (S0 ) > 0 in (2) of (BP), which is a consequence of results independently obtained by various authors. We refer to [Ca2] and [Ca3] for the detailed
account on bicanonical system and canonical systems on projective minimal surface
of general type.
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Higher dimensional varieties

Here we explain developments in higher dimensional varieties. We recommend
two lecture notes by Ein [E] and Kollar [Ko2] for overviews on this area.
Since the beautiful result of Reider, there has been numerous e orts to extend it
to higher dimensional varieties. The rst break through came with the work [D1]
of Demailly. He used analytic method to obtain e ective results on double adjoint
linear systems on algebraic varieties. Then Kollar [Ko1] gave a similar result using
algebraic method. In both case the bound was too large to be practical. Later
Angehrn and Siu [AS] was able to lower the bound substantially by providing
a quadratic bound for base point freeness of adjoint linear systems on smooth
algebraic varieties using a limit argument. Their method was later translated in
algebraic setting by Kollar(cf. [Ko2]).
As for the practical results, Ein and Lazarsfeld [EL1] was able to prove (BP)
of Conjecture A for threefolds using Kawamata-Viehweg vanishing theorem. Their
idea was to create a Q-divisor D with a high multiplicity at a point using Riemann
Roch theorem and then apply Kawamata-Viehweg vanishing theorem for Q-divisor.
If D is less singular out side of that point then it immediately implies the freeness.
Otherwise, they reduce the problem to lower dimensional variety(they called it the
critical variety) which appears as the base locus of certain graded linear systems.
Following their remarkable results of Ein and Lazarsfeld, there were two following
development.
First, Kawamata [Ka2] showed that the critical varieties are rational. Using this,
he was able to prove (BP) of Conjecture A for 4-folds in [Ka1].
Second, Fujita [F2] observed that if we indeed have D which have high multiplicity alone positive dimensional variety, then we can choose D with the multiplicity much higher than Riemann-Roch theorem predicts. This line of idea was
systematically developed by Ein and Lazarsfeld [EL2], Helmke [H1] [H2], and Kawamata [Ka1]. Specially, Helmke [H1] was able to substantially improve the result of
Angehrn and Siu, and proved the following
Theorem D. Let X be a smooth projective varieties, let p be a point in X , and
let H be an nef divisor on X such that
(1) H n > n.
(2) H  D  n for all divisor D through p.
;

;

(3) H  W  nd;;11 n for all subvariety W containing p with multpW  nd;;11 .
Then jKX + H j is base point free at p.

Meanwhile, Ein and Lazarsfeld observed that for the induction process, it is more
natural to consider a larger category of varieties rather than categories of smooth
varieties, and to deal with Q-divisors rather Cartier divisors. And they proposed
the following conjecture which implies (BP) of Conjecture A(cf.[EL2],[L3]).
Conjecture E. Let X be a normal projective variety of dimension n. Let  be an
e ective Q-divisor on X such that (X; ) is Kawamata log terminal. Let A be an
Q-ample divisor on X such that KX ++ A is Cartier. Let 1 , : : : , n be rational
numbers satisfying the following three conditions.
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(1) An  nn and Ap  W  pp for all subvariety W in X with dimW = p.
(2) n > n and n  n;1      2 .
(3) p (1 ; 1n ;    p1+1 )  p, where p = 1; : : : ; n ; 1.
Then jKX +  + Aj is base point free.

So far it has been veri ed up to n = 3(cf. [L3]).
As for the pluricanonical systems on threefolds, we have the following theorem,
which is a consequence of works of several authors (cf. [EL1],[ELM],[M],[L1],[L3],[Ch]).
Theorem F. Let X be projective canonical threefolds with ample Cartier canonical
divisor KX . Then
(1) jmKX j is base point free for m  4.
(2) jmKX j separates two distinct point for m  6.
(3) j5KX j induce birational morphism.
(4) Assume that X is smooth. Then jmKX j is very ample for m  10.

Sketch of Proof

Here we give a very rough idea in the proofs of the results presented above by
sketching the proof of Theorem D.
First, we need to recall some properties of multiplier ideals. Now there are several
papers available on this subject including [E], [Kaw2], and [Kol1]. Here we take
[E] as the main reference. There things are presented in smooth setting, but with
minor modi cations, they can be extended to log-terminal setting. Now we begin
the discussion on the multiplier ideals.
Multiplier ideals and Critical varieties. Let X be a log terminal variety,
let G be an e ective Q-Cartier divisor on X , and let f : Y ! X be an embedded
resolution of G. De ne bi and gi by

KY ; f  KX =
and

f G =

X

X

bi Fi

gi Fi ;

where Fi 's are the distinct irreducible smooth divisors in simple normal crossing.
Let
X
d(bi ; gi )eFi = P ; N;
where P and N are e ective divisors with no common components. Since P is
f -exceptional, by Lemma 1-3-2 in [KMM],

f OP (P ; N ) = f OP (P ) = 0:
So we obtain an ideal sheaf

f OY (P ; N ) = f OY (;N )  OX :
We will keep these notations and assumptions.
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Proposition G. fOY (P ; N ) is called the multiplier ideal of G. Let Z (G) be
the scheme de ned by this ideal and we will note the multiplier ideal by IZ (G) . By
some fairly standard method, one can check that IZ (G) is independent of the choice
of the embedded resolutions.

De nition H. Let p be a point in X . We say that G is critical at p if
(1) p 2 Z (G) but p 62 Z ((1 ; )G) for any  > 0.
(2) For all suciently small 0 <  << 1,
dKY ; f (KX + G)e = dKY ; f  (KX + (1 ; )G)e ; Fi

for an unique Fi . Note that such Fi should intersect f ;1 (p) by (1). We call Fi
the critical component and f (Fi ) the critical variety for G at p.

A General Method and Invariance of Liftings. Here we state two key
ingredients for the proof of the base point freeness of adjoint linear series in general.
Proposition I. Let p be a point in X , and we assume that G is critical at p with a
0-dimensional critical variety. If H is a Cartier divisor on X such that H ; KX ; G
is nef and big, then jH j is free at p.

Proposition J. Suppose G is critical at p with the critical variety Z . Let B be an
e ective Q-Cartier divisor on Z . Let D1 and D2 be two liftings of B . If

W  Z ((1 ; s)D1 + (1 ; t)G)
for all suciently small s and t, then
W  Z ((1 ; s)D2 + (1 ; t)G)
for all suciently small s and t.

De nition K. Suppose G is critical at p with the critical variety Z . Let B be an
e ective Q-Cartier divisor on Z . An e ective Q-Cartier divisor D is said to be a
nice lifting of B with respect to G if DjZ = B and
Z ((1 ; t)G + DjX ;Z ) = Z ((1 ; t)GjX ;Z )
for 0 < t << 1.



Proposition L. Suppose G is critical at p with the critical variety Z . Let B be an
e ective Q-Cartier divisor on Z . Let A be a Q-Cartier ample divisor on X such
that B is Q-linearly equivalent to AjZ . Then there is a nice lifting D of B with
respect to G such that D is Q-linearly equivalent to A.

Sketch of the proof of Theorem D. Here we keep the same notation as in

theorem D.
We start by creating a Q-Cartier divisor D, Q-linearly equivalent to H , so that
ordp D > n using Riemann-Roch theorem. Then by examining the coecient of the
exceptional divisor of the blowing up at p, we see that there is a positive constant
 < 1 such that D is critical at p. (Here we might need to perturb D a little
bit to make the second condition of De nition H holds. but it is only technical
problem. So for the simplicity, here we assume that it already holds.) Let Z be
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the critical variety of D. If Z is a point, then it follows from Proposition I that
KX + H is free at p. So we assume that d := dimZ > 0.
;

In this case, Helmke [H2] has shown that multpZ  nd;;11 . Then from RiemannRoch theorem, we create a Q-divisor B , Q-linearly equivalent to H jZ such that
ordp B  n. We have the following sequences for all k > 0.
k ;! I k ;! 0
Ip=X
p=Z

where Ip=X (resp.Ip=Z ) is the sheaf of the maximal ideals at p in OX (resp, OZ ).
Thus locally there is a lifting D0 of B such that ordp D0  n. Let 0 be the smallest
number such that p 2 Z (D + 0 D0 ): Again we assume that D + 0 D0 is critical
at p. With some analysis on the discrepancy (cf. [E]) of the exceptional divisors,
one can show that  + 0 < 1. Let D00 be a nice lifting of B with respect to D.
Then from Theorem J, p 2 Z (D + 0D00 ): Now if the critical variety of D + 0 D00
is a point, then since  + 0 < 1 KX + H is free at p. Otherwise we have to repeat
above process. But it must stop in at most n-steps.


Reference
[AS] U. Angehrn and Y.-T. Siu, E ective Freeness and Point Separation for Adjoint Bundles,
Inv. Math, vol.122 no.2(1995), 291-308

[Bom] E. Bombieri, Canonical models of surfaces of general type, Publ. IHES 42 (1973), 447495

[Ca1] F. Catanese, On a class of surfaces of general type, in Algebraic Surfaces, CIME, Liguori
(1981), 269-284

[Ca2] F. Catanese, Canonical rings and \special" surfaces of general type, Proceeding of Symposia in Pure Math. 46(1987), 175-194

[Ca3] F. Catanese, The bicanonical map for surfaces of general type, Proceeding of Symposia
in Pure Math. 62(1997), 57-84

[CC1] F. Catanese and C. Ciliberto, Surface with pg = q = 1, Symposia Math. 32(1991),
49-79

[CC2] F. Catanese and C. Ciliberto, Symmetric products of elliptic curves and surfaces of
general type with pg = q = 1, Journal of Alg. geom. 2(1993), 389-411
[Ch] M. Chen, Kawamata-Viehweg vanishing and quint-canonical map of a complex threefold,
To appear in Comm. in Algebra

[D1] J.-P. Demailly, A numerical criterion for very ample line bundles, J. Di . Geom.
37(1993), 323-374

[EL1] L. Ein and R. Lazarsfeld, Global generation of pluricanonical and adjoint linear series
on smooth projective threefold, J. Amer. Math. Soc, vol.6 (1993), 875-903

[EL2] L. Ein and R. Lazarsfeld, multiplier ideals, manuscript
[ELM] L. Ein, R. Lazarsfeld, and V. Masek, Global generation of linear series on terminal
threefolds, Int. Jour. of Math., vol.6 no.1(1995), 1-18

[ELN] L.Ein, R.Lazarsfeld, and M.Nakamaye, Zero-estimate, intersection theory, and a the-

orem of Demailly, Higher-dimensional complex varieties (Trento, 1994), de Gruyter,
Berkin, 1996, 183-207
[FdB] G. Fernandez del Busto, Bogomolov instability and Kawamata-Viehweg vanishing, J.
Alg. Geom. 4(1995), no.4, 693-700
[Fr] P. Francia, On the base points of the bicanonical system,, Symposia Math. 32(1991),141150

SOME RECENT PROGRESS IN FUJITA CONJECTURE

7

[F1] T. Fujita, On polarized manifolds whose adjoint bundles are not semipositive, Algebraic
[F2]
[H1]
[H2]
[Ka1]
[Ka2]
[KMM]
[Kod]
[Ko1]
[Ko2]
[Laz]
[L1]
[L2]
[L3]
[L4]
[Mas]
[Mat]
[Rei]

geometry, Sendai,1985(T. Oda, ed),Adv. Stud. Pure Math., vol.10, North-Holland,
Amsterdam(1987),pp.167-178
T. Fujita, Remarks on Ein-Lazarsfeld criterion of spannedness of adjoint bundles of
polarized threefold, alg-geom eprint 9311013
S. Helmke, On Global generation of Adjoint linear systems, Math. Ann. 313, 635652(1999)
S. Helmke, On Fujita's conjecture, Duke Math. J, vol.88 no.2(1997), 201-216
Y. Kawamata, On Fujita's freeness conjecture for 3-folds and 4-folds, Math. Ann. 308
(1997), no. 3, 491-505
Y. Kawamata, Subadjunction of log canonical divisors II, Amer. J. Math. 120 (1998)
893-899
Y. Kawamata, K. Matsuda, K. Matsuki, Introduction to the minimal model problem,
Algebraic geometry, Sendai, 1985, 283-360, Adv. Stud. Pure. Math., 10, North-Holland,
Amsterdam-New York, 1987
K. Kodaira, Pluricanonical systems on algebraic surface of general type, J. Math. Soc.
Japan, 20(1968)
J.Kollar, E ective base-point freeness, Math. Ann., vol.296(1993), 595-605
J.Kollar, Singularities of Pairs, Santa Cruz 1995, 221-287, Proc. Sympos. Pure. Math.,
62, Part1. Amer. Math. Soc., Providence, RI, 1997
R. Lazarsfeld, Lectures on linear series, Complex Algebraic Geometry - Park City/IAS
Math. Ser.,1996
S. Lee, A note on very ampleness of pluricanonical systems on smooth canonical model
of threefolds, preprint
S. Lee, Reider's theorem and Kawamata-Viehweg vanishing theorem, preprint
S. Lee, Remarks on the pluricanonical and adjoint linear series, (to appear in Comm.
in Algebra)
S. Lee, Quartic-canonical systems on threefolds of index 1, preprint
Vladimir Masek, Thesis, UCLA, (1993)
D. Matsushita, E ective base point freeness, Kodai Math. J. 19(1996), no. 1. 87-116
I. Reider, I. Reider, Vector bundles of rank 2 and linear systems on algebraic surfaces
Ann. of Math.(2) 127 (1988), no.2 309-316

Korea Institute for Advanced Study 207-43 Cheongryangri-dong Dongdaemun-gu
Seoul 130-012, Korea

E-mail address :

seunghun@kias.re.kr

