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ABSTRACT. üxÍ¥½yÛ�Aé|°ü���Í×õSP�u L�¢°.
1-1.°ü�uxÍ¥½yÛ�Aé(semilinear functional differential equation):

(SNE)

(
u
0

(t) + Au(t) = f(t; u(t)) + Bw(t); 0 < t < T;

u(0) = u0

õ sq� W�( Hilbert W�, Óù �-convex)\�t A�� (regularity)[Cõ $
9 SP L, Cq� B(u� Cq)� Â¢ �Cq�(controllability), /:Cq(optimal
control)�Áú�u¢°.sq��Ì�®A��°ü section�t��&sq�°.

1-2.¥½ � : V ! (�1;1)� lower semicontinuous�:°üY�ùºÛ�;
�Aé(variational evolution inequality):

(x
0

(t) +Ax(t); x(t) � z) + �(x(t)) � �(z) � (f(t; x(t)) + k(t); x(t) � z)

x(0) = x0

÷¿Ùâ subdifferential�Ì�õ�Ì¢üxÍ¥½yÛ�Aé

(V NE)

(
x
0

(t) + Ax(t) + @�(x(t)) 3 f(t; x(t)) + k(t); 0 < t < T;

x(0) = x0

�Â¢EÍõ 1-1�sq�[C�ú�u L�¢°.

1. �u�E

1-1�sq�EÍ��$��:
�;�Aé(A�xÍ�Ì�¿t,©u:�w
úf�¥):

(E)

(
u
0

(t) +Au(t) = f(t); 0 < t < T;

u(0) = u0

�©�A��ú�Ì � (SNE)�EÍõ�< L�¢°.$9��:
©�(mild
solution, strong solution, classical solution)�[C�ù Pazy�þ[14]��°ØqK
�°.°ØL� �A��[C� HilbertW�\�t® �-convexW�\÷¿#�q
f�£½�°.$9 HilbertW�H�t Lions [9, 10]�

[@@@YYY E-1]###���XXX u0 2 (D(A); H)1=2;2 ®®® forcing term f 2 L2(0; T ;H)¿¿¿sssqqq���888

(E)���©©© u��� L2(0; T ;D(A)) \W 1;2(0; T ;H)���tttîîî���   333UUU&&&¥¥¥.

ú�< �°.�@Yõ�Ì©t Blasio, Kunisch. and Sinestrari[6]��©

[@@@YYY E-2] (E)���AAAééé���ttt f(t) = A1u(t � h) +
R h
0
a(s)A2u(t + s)ds + k(t)(h > 0)

sssqqq���LLL Ai(i = 1; 2) : D(Ai) ! H��� xxxÍÍÍ���ÌÌÌ������LLL   ���. k 2 L2(0; T;H)���
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::: ,èèè������������ÂÂÂ¢¢¢###���XXX u0 = g0; u(s) = g1(s)(s 2 [�h; 0))���888 (g0; g1(s)) 2
(D(A); H)1=2;2�L2(0; T ;H)õõõ���TTT¢¢¢°°°LLL   ���.���   888 (E)���©©© u���L2(0; T ;D(A))

\W ;1;2(0; T ;H)���tttîîî���   333UUU&&&¥¥¥.

ú Ã� xÍ �Aé� Â¢ Cq�Áú °Ú @Y�� °� Ã�L �°. � ¢ x
Í�Aé� @Y�ú �Ì©t �� Âÿü� uxÍG� ��ú îê£ ,�°. �
(SNE)�t� f(t) = f(t; u(t))¿sq�EÍ�6,@Y E-2�Âÿü� (SNE)ù

f(t) = A1u(t� h) +

Z h

0

a(s)A2u(t+ s)ds+ g(t; u(t)) + k(t)

¿sq�EÍ�°.
X � �-convexW����,ù � : X �X ! R�¥½�U&©t°ü���ú

�T �EÍ�°.
(1) �(x; �); �(�; y): convex
(2) �(x; y) = �(y; x), 8x; 8y 2 X ,
(3) �(x; y) � jx� yj; for jjxjj � 1 � jjyjj,
(4) �(x; y) > 0, 8x; 8yinX:
HIlbertW�ù �(x; y) = 1+ Re(x; y)¿A� 8 �-convexW��ÿúN½�°.

�ýL �-convexW�ù uniform convexW�Ã°�¢S&ú���,êN ²K�
÷6 sobolevW������¢°."&, HilbertºÞHfõ

(Hf)(s) = lim
��>0

(H�f)(s); (H�f)(s) =
1

pi

Z
jtj>�

f(s� t)

t
dt

�  8( ��t lim � sq� W� X\� �æ\� ½¶ú �y¢°) X � �-
convexW��þ�Å?ÛS&ùHilbertºÞ�îG(�, 1 < 8p <1; 8f 2 Lp(R;X),
9Cp, such thatjjHF jjLp(R;X) � Cpjjf jjLp(R;X))�Y ôX
 , ê N²K �°. �-
convexW� X\�t� �Aé (E)� A�� [C� Dore and Venni [7]� �© °ü
Y�ù@Yõ�< �°.

[@@@YYY E-3] X��� �-convexWWW������LLL, A��� X\\\���ttt ©©©uuu::: ���wwwúúú fff���   666 qqq EEE
\\\½½½ C, 
���UUU&&&©©©ttt jjAisjjB(X) � Ce
jsj(i =

p�1) úúú ���TTT¢¢¢°°°LLL    ���. ���yyy���
###���XXX u0 2 (D(A); X)1=q;q(1 < q <1)���ÂÂÂ   ���, (E)���©©© u���îîî���   333UUU&&&©©©ttt

Lq(0; T ;D(A)) \W 1;q(0; T ;X)������¢¢¢°°°

� ¢ Pì�ú �Ì � Jeong [8]ù �Ì� A� ì½G½õ �� 2GxÍ yÛ
�S�
 EÍõ L1(
)(
 � \�t �� Ï EGõ �� îG��)õ 1 < p <

n=(n � 1)� : L1(
) � W�1;p(
)(W�1;p(
) = W 1:p0

0 (
)(p0 = p=(p � 1))� W

ZW�)�ú�< L jjAisjjB(W�1;p(
)) � Ce
jsj; �1 < s <1ÿúóK �
[@@@YYY E-4] (1) 1 < q < 1��� :::, ���AAAééé (E)���ttt, f 2 Lq(0; T ;W�1;p(
)); ###���XXX

u0 2 (W 1;p
0 (
);W�1;p(
))1=q;q)¿¿¿sssqqq���888 (E)���©©© u���

Lq(0; T ;W 1;p
0 (
)) \W 1;q(0; T ;W�1;p(
)) � C([0; T ]; (W 1;p

0 (
);W�1;p(
))1=q;q)

���tttîîî���   333UUU&&&¥¥¥.

(2)Ai(i = 1; 2)���ììì½½½GGG½½½õõõ������ 2GGGxxxÍÍÍyyyÛÛÛ���SSS���õõõW 1;p
0 (
)¿¿¿CCC¢¢¢¢¢¢���ÌÌÌ���

���LLL, k 2 L2(0; T;W�1;p(
)), ��� ::: f(t) = A1u(t � h) +
R h
0 a(s)A2u(t + s)ds +

k(t) (h > 0)¿¿¿ sssqqq���LLL, èèè������������ ÂÂÂ¢¢¢ ###���XXX u0 = g0; u(s) = g1(s)(s 2
[�h; 0))���888 (g0; g1(s)) 2 (W 1;p

0 (
);W�1;p(
))1=q;q � L2(0; T ;W�1;p(
)) õõõ ���TTT
¢¢¢°°°LLL   ���.���   888 (E)���©©© u���

Lq(0; T ;W 1;p
0 (
)) \W 1;q(0; T ;W�1;p(
)) � C([0; T ]; (W 1;p

0 (
);W�1;p(
))1=q;q
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���tttîîî���   333UUU&&&¥¥¥.

� ¢xÍG�A���Áú�$¿��Âÿ �üxÍG (SNE), (VNE)�©�
A��YCq�Áú;� L�¢°

1-2� (VNE)�EÍ�$9ÂaxÍ�Ì��j¥ý°üY�ù#�X[C:

(V E)

(
x
0

(t) +Ax(t) + @�(x(t)) 3 f(t); 0 < t < T;

x(0) = x0

õ°ØL�¢°. HilbertW��� V � H = H� � V �¿sq�: Barbu [5]#��
©°üY�ùA��ú�< �°.

[@@@YYY VE-1] xxxÍÍÍ���ÌÌÌ������°°°üüüYYY���ùùùSSS&&&:

(Au; v) = (u;Av); u; v 2 V;

(Au; u) � !1jjujjV � !2jjujjH ; u 2 V

÷÷÷¿¿¿sssqqq���EEEÍÍÍ,###���XXXSSS&&& x0 2 V satisfying �(x0) < 1YYY f 2 L2(0; T ;H)¿¿¿
sssqqq���888îîî���¢¢¢©©© x���UUU&&&©©©tttL2(0; T ;V )\W 1;2(0; T ;V �)\C([0; T ];H)������¥¥¥.

æ@Yõ�Ì �üxÍ¨�j¥ýEÍ(f(t) = f(t; x(t)) + k(t))� (VNE)�Aé
�Â¢©�A��[Cõ°Û�Å��üúN½�°.�ó�èCq�ÁúS
P�u L�¢°.

2. �uYA

(SNE), (VNE)�A���ÁùI�u�:÷¿�<ü�MU÷6 Park, Jeong and
Kwun [13]��© (SNE)�[¢°ü�@Yõu}°.

[@@@YYY SNE-1] (1)���AAAééé (SNE)���ttt������¨̈̈������jjj¥¥¥ýýýEEEÍÍÍ,���

f(t; u(t)) = A1u(t� h) +

Z h

0

a(s)A2u(t+ s)ds+ g(t; u(t)) + k(t)

���   ���.üüüxxxÍÍÍ¨̈̈���SSS&&&:
jjg(t; x1)� g(t; x2)jjH � jjx1 � x2jjV ; x1; x2 2 V YYY g(t; 0) = 0

YYYõõõ���TTT   888, [@@@YYY E-2]���@@@YYYõõõuuuúúú½½½���üüü.

(2)èèè��� T ,###���XXX g,üüüxxxÍÍÍ¨̈̈ f®®®CCCqqq w 2 L2(0; T ;U)(U��� BanachWWW���÷÷÷¿¿¿���
w(t) 2 U a.e.)��� ÂÂÂÿÿÿ   ��� ©©©õõõ x(t; g; f; w) ��� ���888 êêêµµµ���   ¢¢¢ ���¦¦¦ (reachable
set)���ùùù

LT = fx(T ; g; 0; w) : w 2 L2(0; T; U)g; RT = fx(T ; g; f; 0) : w 2 L2(0; T ;U)g
���::: Naito [11]���CCCqqqSSS&&&: 8� > 0; 8h 2 L2(0; T ;H); 9w 2 L2(0; T ;U) such
that jj R T

0
e(t�s)Af(s)ds � R T

0
e(t�s)ABw(s)dsjj < � ��� ���TTT   888 RT = LT = H���

üüü������CCCqqq���úúú���<<<   ���üüü.

æ�4ÌùüxÍ¨�{�èßð�êµ� ¢�¦ LT® �� Âÿ �üxÍ
èßð� RT®�[GõSP ��Cq�Y�[Q��@Yõîê¢,�°.
�Ì� A� üxÍ�Ì��L �Â¥½
 EÍ�� S. Aizicovici and N. S. Papa-

georgiou [1]�t (SNE)�sq�@:¥½�Â �/:Cq�Áú�< �°. zeta-
convex\�t��ÁY�Ì� A�üxÍ
EÍ�Â �G�©t�u L�°.

(VNE)� [©t� Ç& �|:÷¿ �u|� �÷6 Ç& 
L|� �� @Y �
°üY�°.

[@@@YYY VNE-1] (1) üüüxxxÍÍÍ���ÌÌÌ��� A : V ! V � (V � H � V �; Hilbert WWW������)��� a
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single valued and hemicontinuous���LLL °°°üüüSSS&&&úúú ���TTT¢¢¢°°°. ��������� u; v 2 V ���
ÂÂÂ   ���\\\½½½ !2 2 R; !1; !3 > 0������UUU&&&©©©ttt

(i) A(0) = 0
(ii) (Au�Av; u� v) � !1jju� vjj2V � !2ju� vj2H ;
(iii) jjAujj� � !3(jjujjV + 10.

���ýýýLLL f 2 L2(0; T ;V �) and x0 2 V satisfying that�(x0) <1���888 (VE)������AAAééé���
©©© x��� L2(0; T ;V )\C([0; T ];H)���tttîîî���   333UUU&&&¢¢¢°°°.ZZZ¢¢¢\\\½½½ C1���UUU&&&©©©ttt

jjxjjL2\C � C1(1 + jjx0jj+ jjf jjL2(0;T ;V �)):

(2) (VNE)���AAAééé���üüüxxxÍÍÍ¨̈̈���SSS&&&:
jjf(t; x1)� f(t; x2)jjH � jjx1 � x2jjV ; x1; x2 2 V YYY f(t; 0) = 0

YYYõõõ���TTT   LLL k 2 L2(0; T ;H)���888 (1)���@@@YYYõõõuuuúúú½½½���üüü.

æ� Pìú �< ��ªú �Ì � �Ì� A� maximal monotone��ú�T 
�MúEÍ�êA��ú�<£½���õ�&L�¢°.�óCq�Á�ýL
/:Cq�Á�ê;� L�¢°.

3. OPEN PROBLEMS

1. (SNE)�©�A��[Cõ �-convexW�\�tê@Y 3,4õ�Ì©t@Yõu
ú½�9��?

2.�Ì��üxÍ
EÍ� (SNE)�©�A��[Cõ HilbertW�\�tÓù �-
convexW�\�tuú½���?

3. (SNE)� @Y SNE-1� A�� �Áú �Ì©t °j¢ @:¥½(cosy function)�
Â¢/:Cq�Á[C.

4.�Ì��xÍ
EÍ� (VNE)�Aé�t

(Au; v) = (u;Av); u; v 2 V;

(Au; u) � !1jjujjV � !2jjujjH ; u 2 V

�S& !1÷¿ÙâCq�Á��Å¢ L2(0; T ;V )W�\�t�©� normGSúî
ê£½���monotone���sq��MúEÍ�êGS�� ¢�?

5. (SNE), (VNE)�Cq�ÁY/:�ÁùI����uüqKb¥.
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