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INVARIANTS OF KNOTS AND
LINKS VIA INTEGRAL MATRICES
CHAN-YOUNG PARK AND SANG YOUL LEE
Abstract. This is a brief summary of the recent works joint with Dr. Sang

Youl Lee, on the Seifert matrices and the (modi ed) Goeritz matrices of knots
and links and their invariants: the Alexander polynomial, the Minkowski unit,
the signature, the nullity, and the determinant of a knot and a link. We
introduce the relationship between the modi ed Goeritz matrices of 2-periodic
links and those of their factor links and some properties of the 2-parallel version
invarants of the Minkowski units, the signature, the nullity, and the square free
of the determinant of a knot and a link.

1. Invariants of the Seifert Matrices

[ f1g the oriented
3-sphere. Throughout this note we will work in the piecewise-linear(PL) category.
A link of -components is (the image of) an embedding of  ordered mutually
disjoint 1-spheres S11 ; S21;    ; S1 into S 3 (or R3 ), denoted by ` = k1 [    [ k : In
particular, if  = 1, then it is called a knot. If each component ki of a link `
is oriented, then ` is called an oriented link of  components. We denote the set
of all knots by K and the set of all links by L: Two links ` = k1 [    [ k and
`0 = k10 [  [ k0 in L are said to be equivalent, denoted by `  `0 ; if and only if ` and
`0 are ambient isotopic, that is, there exists an isotopy H : S 3  [0; 1] ! S 3  [0; 1]
such that H (x; t) = (ht (x); t); where ht : S 3 ! S 3 are homeomorphisms that satisfy
h0 = idS3 ; the identity mapping on S 3 ; and h1 (`) = `0 :
We denote by [`](resp; [k]) the equivalence class of a link ` (resp, a knot k),
called the link(resp, knot) type of `(resp, k). Let [L] = L=  = f[`] j ` 2 Lg(resp,
[K] = K= ):
Let A be a set of objects. A mapping  : [L] ! A (resp,  : [K] ! A) is
called an invariant of links(respectively, invariant of knots). If  is in one-to-one
correspondance, then  is said to be a complete invariant of links(respectively,
knots).
In 1928, J. W. Alexander[A] rst introduced the Alexander polynomial and, in
1934, H. Seifert[Se1] gave a method computing the Alexander polynomial via a
Seifert matrix of a knot and also investigated the characterizing properties of the
Alexander polynomial of a knot. R. H. Fox ([Fo1,2,3], [BZ]) gave more conceptual
description of the Alexander polynomials by using free di erential calculus in the
group ring of a free group. In this section, we will present brie y the Alexander
polynomials of knots and links based on the Seifert matrices and other invariants:
the signature and the nullity of a knot and a link.
Let R3 denote the oriented Euclidean 3-space and S 3 = R3
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Let ` be an oriented knot or link in S 3 : An orientable connected surface that
spans ` is called a Seifert surface of ` and the genus of knot or link `; denoted by
g(`); is de ned to be the minimum of the genus of all Seifert surfaces that span
`: Now let ` be an oriented link of -components and let F be a Seifert surface
of `: If the genus of F is equal to g(F ); then the Homology group H1 (F ; Z) with
integral coecients is a free abelian group with n = 2g(F ) +  , 1 generators.
Let 1 ; 2 ;    ; n denote oriented simple closed curves that represent a basis for
H1 (F ; Z): Consider a collar F  [0; 1]: For all i; j 2 f1; 2;    ; ng; we denote oriented
simple closed curves i  f0g and j  f1g by i and ]j ; respectively.
Let MF (`) be an n  n integral matrix de ned as follows: If g(F ) = 0 and  = 1;
then MF (`) is the empty matrix. If not,

MF (`) = (Lk( i ; ]j ))1i;jn ;
where Lk( i ; ]j ) denotes the linking number of i and ]j : This matrix MF (`) is
called the Seifert
of ` associated to F:
S matrix
Let M = 1
M
;
n=0 n where Mn denotes the set of all n  n integral matrices and let [M ] denotes the S -equivalence class of M and let [M] := M= S =
f[M ] j M 2 Mg: The detailed proofs of Theorem 1, 2; and 3 can be found in
Murasugi's book[Mur3] or [Mur 1].
Theorem 1. The mapping S : [L] ! [M] de ned by S ([`]) = [MF (`)] is an
invariant of knots and links.
Theorem 2. The map  : [L] ! Z[t12 ] de ned by
([`]) = t, n2 det(MF (`) , tMF (`)T )

is an invariant of knots and links, where n = 2g(F ) +  , 1:
The polynomial ([`]) is called the (reduced) Alexander polynomial of `; denoted
by ` (t); and the absolute value jdet(MF (`) + MF (`)T )j is also an invariant of a
knot(link), called the determinant of a knot(link).
Let A be any integral symmetric n  n matrix. The signature and the nullity of
A are denoted by (A) and N (A); respectively. Then
Theorem 3. (1) The map  : [L] ! Z de ned by ([`]) = (MF (`) + MF (`)T ) is
an invariant of knots and links, called the signature of ` and denoted by (`):
(2) The map N : [L] ! N [ f0g de ned by N ([`]) = N (MF (`) + MF (`)T ) is an
invariant of knots and links, called the nullity of ` and denoted by N (`):

2. Invariants of Goeritz matrices

Let ` be an oriented link in S 3 and let L be its link diagram in the plane
 R3 = S 3 , f1g. Colour the regions of R2 , L alternately black and white.
Denote the white regions by X0 ; X1 ;    ; Xw : We always take the unbounded region
to be white and denote it by X0 .
Assign an incidence number (c) = 1 to each crossing c of L and divide crossings
into two types, type I or type II(see, [GL]). Let S (L) denote the compact surface
with boundary L; more precisely, S (L) is built up out of discs and bands. Each
disc lies in S 2 = R2 [ f1g and is a closed black region less a small neighbourhood
of each crossing. Each crossing gives a small half-twisted band.
R2
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Let G0 (L) be a symmetric integral matrix de ned by G0 (L) := [gij ]0i;jw ; where
( ,P
(c) if i 6= j;
gij = P c2CL(Xi ;Xj )
;
if i = j
c2CL (Xi )  (c)
where CL (Xi ; Xj ) = fc 2 C (L)jc is incident to both Xi and Xj g and CL (Xi ) =
fc 2 C (L)jc is incident to Xi g: The principal minor G(L) = [gij ]1i;jw of G0 (L) is
called the Goeritz matrix associated to the diagram L of ` and the quadratic form
associated to G(L) is called the Goeritz form associated to L of `([Go],[GL]).
In 1933, Goeritz[Go] showed that for odd primes p; the Minkowski units Cp (K ) of
the Goeritz matrix G(K ) associated to a knot diagram K of a knot k are invariants
of the knot k but not for C2 (K ): The absolute value of the determinant of G(K )
of a kont diagram K is also an invariant of the knot. In 1965, Murasugi[Mur2]
generalized the Minkowski units of knots to that of links for all prime numbers
including 1; by using his matrix[Mur1] and proved that the Minkowski units of
slice links are always equal to the zero.
H. Seifert ([Se2]) recognized the geometric signi cance of the Goeritz matrix; if
M2 (k) is the 2-fold branched covering space of S 3 branched along a knot k, and
G(K ) is the Goeritz matrix associated to a knot diagram K of the knot k, then
G(K ) is a relation matrix for the homology group H1 (M2 (k)); and G(K ),1 is the
matrix of the linking form on H1 (M2 (k)): This result was generalized to the case
of links by R. H. Kyle[Ky] .
Notice that the signature of the Goeritz matrix of a knot or link are not invariants
of the knot or link and the nullity of the Goeritz matrix of a link is not an invariant
the link.
Let ` be an oriented link and let L be its diagram. Let CII (L) = fc1; c2 ;    ; cs g
be the set of all type II crossings in L and de ne the s  s diagonal matrix A(L)
associated to L by A(L) = diag(,(c1 ); ,(c2 );    ; ,(cs )): Let O(L) be the
( 0 (L) , 1)  ( 0 (L) , 1) zero matrix, where 0 (L) is the number of components
of the surface S (L). If S (L) is connected, we set O(L) to be the empty matrix.
Then the modi ed Goeritz matrix H (L) associated to L is de ned to be the
symmetric matrix given by
H (L) = G(L)  A(L)  O(L);
where O denotes the zero matrix of appropriate size.
The signature (H (L)) and the nullity n(H (L)) of the modi ed Goeritz matrix
H (L) are invariants of knots and links[Tr]. If the surface S (L) is a Seifert matrix
of `; then both A(L) and O(L) are empty, so that H (L) = G(L); and in this case
there is a Seifert matrix V associated to S (L) with V + V t = G(L) (see x2, [GL]).
This implies that (`) = (H (L)) and N (`) = N (H (L)): We de ne (A) to be
the square free part of jdet(B )j; where B is a nonsingular matrix associated to A:
Then (`) = (H (L)) is also an invariant of links. Furthermore, the Minkowski unit
Cp (H (L)) for H (L) is an invariant of the link ` and we denote it by Cp (`); for any
prime integer p; including p = 1[Le].
3. The modi ed Goeritz matrices of 2-periodic links
An (oriented) link ` = k1 [    [ k of  components in S 3 is called an nperiodic (oriented) link (n > 1) if there is an orientation preserving homeomorphism
 : (S 3 ; `) ! (S 3 ; `) that satis es the following properties:
1. f = fx 2 S 3 j(x) = xg is homeomorphic to S 1 ;
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2.  is of order n, i.e., n = idS3 6= k for 1  k  n , 1;
3. f \ ` = ;.
Let Cn be the group generated by the n-periodic homeomorphism  for an nperiodic (oriented) link `. Then the orbit space S 3 =Cn is homeomorphic to a
3-sphere S 3 : The quotient map p : S 3 ! S 3 =Cn is an n-fold cyclic covering map
branched over p(f ) = f and p(`) = ` is also an (oriented) link in S 3 =Cn 
= S3;
which is called the factor link of `.
Theorem 4 [LP]. Let ` be an oriented 2-periodic link in S 3 with the xed point
set f and let ` be the factor link of `: Then there exist 2-periodic diagrams L and
L [ F of ` and ` [ f respectively satisfying the following:
(1) Lk(`; f)  1 (mod 2):









S [H (L)  IOa ,OI  (2)]S ,1  H (OL ) H (L O[ F ) :
b
 
(2) Lk(`; f)  0 (mod 2):
Let `  u denote the splittable 2-periodic link consisting of ` and the unknot u and
let h, denote the left handed Hopf link. Then









S [H (L [ U )  IOa ,IO  (2)]S ,1  H (OL) H ((L [ OF ) ] D, )  (0);
b+1
 
where S is an invertible rational matrix, L = ' (L); L [ U and D, are diagrams
of `  u and h, respectively, and a , b + 1 = ,Lk(`; f):
Corollary. Let ` be a 2-periodic oriented link in S 3 and let ` be its factor link.
Then
(1) (`) , Lk(`; f) = (` ) + (` [ f ):
(2) n(`) = n(` ) + n(` [ f ) , 1;
where f denotes the knot f with an arbitrary orientation.

4. The 2-parallel version invariants.

Let Bn denote the braid group of n-strings. For a positive integer r, let (nr) :
Bn ! Brn be the group homomorphism de ned by (nr) (i )(1  i  n , 1) =

(ri , r + 1; ri , 1),r (ri; ri + r , 1)(ri , 1; ri + r , 2)    (ri , r + 1; ri);
where (i; j ) = i i+1    j .
Let ` be an oriented link with -components and let ( ; n) 2 Bn be a braid of n
strings whose closure ^ is ambient isotopic to `. The link ((nr) (b); rn)^ is called
the r-parallel version of the link `; denoted by `(r):
Let (b1 ; n1 ) and (b2 ; n2 ) be two braids of n1 and n2 strings, respectivly. Then
the links ((nr1) (b1 ); rn1 )^ and ((nr2) (b2 ); rn2 )^ are equivalent if (b1 ; n1 ) and (b2 ; n2 )
are Markov equivalent[Mu]. Let  be any invariant of oriented knots and links. For
each oriented knot or link ` and a positive integer r; The invariant ([`(r) ]) is called
the r-parallel version of invariant  of `.
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Theorem
5 i[CLP]. Let ` be a nonsplittable oriented link in S 3 and let =

i
1 i2
i1 i2    imm (ik = 1) be a braid word in Bn representing the link ` and 
as above. Then the Goeritz matrix of the 2-parallel version `(2) of ` associated to
((2)
n ( ); 2n)^ is given by the (2m + 1)  (2m + 1) integral matrix of the form:

0 W B ( )t O 1
G( ) = @ B ( ) Omm [r]t A ;
O

[r] en,1
where B ( ) is a matrix obtained from
   0 ,  (n , 1; 1) ,  (n ,
P n,1;[(rn] ,=1(0; i)0; and
1; 2)    ,  (n , 1; sn,1 )); en,1 = si=1
W is an m  m symmetric
integral matrix.
Corollary.
Let ` be a nonsplittable oriented link in S 3 and let = i1i1 i2i2
   imim (ik = 1) be a braid word in Bn representing the link `: Then the modi ed
Goeritz matrix of the 2-parallel version `(2) of ` associated to ((2)
n ( ); 2n)^ is given
by
H ( ) = G( )  A( );
where G( ) is the Goeritz matrix of `(2) given in Theorem 3.1 and A( ) =
(diag(i1 ; i2 ;    ; im ) I2 )  (diag(,i1 ; ,i2 ;    ; ,im ) I2 ):
Theorem 6 [CLP]. Let ` be a nonsplittable oriented link in S 3 of -components
and let `(2) be the 2-parallel version of `:
0  j(`(2) )j  N (`(2) )  2:

Theorem 7 [CLP]. Let ` be a nonsplittable link of -components in S 3 and let
`(2) be the 2-parallel version of `: If n(`(2) ) = 2 and ` has a braid representative
such that n(B ( )) =  , 1: Then
1. (`(2) ) = 0:
2. (`(2) ) = 1:
3. Cp (`(2) ) = 1 for any prime integer p; including p = 1:
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