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Introduction to Exponential Sums
DAE SAN KIM

Abstract. In this short survey paper, we show that exponential sums arise

in various contexts of number theory and that they often give very interesting
results. Also, we introduce the reader to the recent development on Gauss sums
associated with representations of nite reductive groups over nite elds.

1. Introduction

The main purpose of this short survey article is to popularize the area of exponential sums within the Korean mathematical community.
After brie y introducing the necessary notations and de nitions in Section 2,
we will illustrate in Section 3 that the exponential sums arise in various contexts
of number theory and that they often give very interesting results. In the nal
Section 4, we will introduce the reader to the recent development on \Gauss" sums
associated with representations of nite reductive groups of nite elds.
As the space is limited, we have not been quite successful in explaining this new
direction of research. We hope that in near future we will have an occasion to give
a more full account of this new development.
References at the end is far from being complete. We recommend the reader to
start with Chapter 6 of [17], which contains most of references up until 1985. In the
other books in References, you can nd various uses of classical exponential sums.
2. Notations and Definitions
Let Fq be the nite eld with q elements (q = pd is a power of a prime p), and
let  be an additive character of Fq (i.e.,  2 Hom(F+q ; C  )). Then  = a for a
unique a 2 Fq , where


a ( ) = exp 2i (a + (a )p +    + (a )pd,1 ) :

p

Note that a is trivial for a = 0, and 1 is called the canonical additive character
of Fq .
For any multiplicative character  of Fq (i.e.,  2 Hom(Fq ; C  )), the (classical)
Gauss sum G(; ) is de ned as:
X
G(; ) =
( )( ):
2Fq
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Also, for  nontrivial and a; b 2 Fq , the Kloosterman sum K (; a; b) is given by:

K (; a; b) =

X

2Fq

(a + b ,1 ):

Given any multiplicative characters 1 and 2 of Fq , the Jacobi sum J (1 ; 2 )
is de ned as:
X
J (1 ; 2 ) =
1 ( )2 ( ):
; 2Fq

+ =1

Finally, for  the (multiplicative) quadratic character of Fq (q odd) and a 2 Fq ,
the Jacobsthal sum Hn (a) is de ned to be:

Hn (a) =

X

2Fq

( )( n + a):

So it is a special case of Weil sum for the multiplicative characters.
Finally, a more general type of classical Gauss sums appears in Section 3 whose
de nition will be given there.
3. Various Uses of Exponential Sums

1. Euler showed that every prime p  1(mod 4) can be written as p = a2 + b2

for some integers a and b. One can give a very short proof for this by using Jacobi
sum. We assume the following elementary
estimation on the absolute value of
Jacobi sum. Namely, jJ (; )j = pp, provided that ; ;  are all nontrivial
multiplicative characters of Fp .
As p  1(mod
 4), there is a multiplicative character  of Fp of order 4. Then

2
 =  = p is the quadratic character of Fp .  takes values in f1; ig, and
hence J (; ) 2 Z[i]. So J (; ) = a + bi for some integers a and b. Thus we have
a2 + b2 = (ReJ (; ))2 + (ImJ (; ))2 = p.
Using Jacobsthal sum, further informations on a and b can be obtained. We may
assume that a  ,1(mod 4). Then a is uniquely determined and b is determined
up to sign. In fact, we have:

H2 (1) =

X

2Fp

( )( 2 + 1)

= (,1)(J (; ) + J (3 ; ))
= (,1)(J (; ) + J (; ))
= 2(,1)ReJ (; ):
So ReJ (; ) =  12 H2 (1). It is rather dicult to show that 12 H2 (1)  ,1(mod 4).
Thus a = 12 H2 (1). As for b, we may choose it as b = 12 H2 (), for any  2 Fp with
() = ,1.
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One amusing observation is the following determination of a modulo p in terms
of binomial coecient. Regarding everything of the following as elements in Fp ,
the classical Euler's criterion on the value of Legendre symbol modulo p yields:
2a = H2 (1) =
=

X

p,1=2 ( 2 + 1)p,1=2

2Fp
pX
,1=2 
j =0

P

p , 1=2
j

X
2Fp

( 2 + 1)(p,1)=2+2j :

n = ,1, for p , 1 dividing n, = 0, for p , 1 not dividing n, we
Noting that
2Fp
have:


 1=2 
1 p , 1=2 (mod p):
2a = , pp ,
;
i.e.,
a

,
, 1=4
2 p , 1=4

 

For example, if p = 29, then 29 = (,5)2 + 22 and , 12 14
7 = ,11  12  13 =
,1716  ,5(mod 29).
2. There are so many di erent ways of showing Quadratic Reciprocity Law.
Here we reproduce a simple
   proof of it using classical quadratic Gauss sum. Let p
be an odd prime,  = p the quadratic character of Fp , and let  = 1 be the
canonical additive character of Fp . Then it is easy to determine the square of the
Gauss sum G = G(; 1 ). Indeed,

G2 =

X
;

( )1 ( (1 + )) =

X

= (p , 1)(,1) +

X

(,1) +

X

; 6=,1

!0 X 1
1 ( ) @
 ( )A
6=,1

( )1 ( (1 + ))

= (p , 1)(,1) + (,1)(,(,1)) = (,1)p = (,1)

p,1

2

p:

This means that G(; 1 ) = pp for p  1(mod 4), = ipp for p  3(mod 4).
Determination of the correct sign is very hard. However, it can be shown that
the plus sign is correct in either case. Let p; q be odd primes. On the one hand,

Gq



X

2Fp

( )1 (q )  (q)

On the other hand,

Gq  G(G2 )

q,1

2

X

2Fp

q

(q )1 (q )  p G(mod q):

 
 G(,1) p,2 1 q,2 1 p q,2 1  G(,1) p,2 1 q,2 1 pq (mod q):

From these, we get the celebrated Quadratic Reciprocity Law:

 p  q 
q

p = (,1)

p,1 q,1

2

2

:
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3. Gauss sums appear also in functional equations of Dirichlet L-function. In
below, we will brie y indicate how they arise in this context.
Let  be a character of the multiplicative group (Z=N Z). Then, as usual, we
extend this to a function on Z by de ning (n) = (n mod N ) if (n; N ) = 1, = 0
if (n; N ) 6= 1. Now, the Dirichlet L-function attached to  is de ned to be
L(s; ) =

1 (n)
X

n=1

ns (Re(s) > 1):

It is absolutely and locally uniformly convergent on the domain fs 2 C jRe(s) > 1g,
so that it represents an analytic function there. Also, if  is \primitive" with N > 1,
then it admits an analytic continuation to an entire function on C and satis es the
functional equation:
8 G()( 2N )sL(1,s;,1)
>
< 2,(s) cos(s=2) ; if (,1) = 1(i.e.,  even);
L(s; ) = >
,1
 s
: G2(p),( 21,(
N ) L(1,s; ) ; if (,1) = ,1(i.e.,  odd):
s) sin(s=2)
N
P

Here G() denotes Gauss sum (a)e2ia=N . All of these can be derived from the
a=1
following identity: Put  = 0 for  even,
P  = 1 for  odd. Also, de ne, for t > 0,
the theta series (t; ) by (t; ) = (n)e,n2 t , for  even, and by (t; ) =

P (n)nt1=2 e,n2t, for  odd. Withn2Z(s; ) = N s=2,(s+)=2 ,((s + )=2)L(s; ),

n2Z

W () = (,i) N ,1=2 G(), we have the identity, which is valid for all s 2

analytic continuation:

 (s; ) = 12

Z 1
1

(t=N; )ts=2 dt=t + W ()

Z1
1

C

by



(t=N; ,1 )t(1,s)=2 dt=t :

4. Recent Development on Gauss Sums Associated with
Representations of Finite Reductive Groups over Finite Fields

In this section, we introduce the reader to the de nition of Gauss sums associated
with representations of nite reductive groups over nite elds, and present one
sample of results and mention some possible applications of it.
Let ;  be respectively a multiplicative and a nontrivial additive character of
the nite eld Fq . For a nite reductive group G de ned over Fq and its nite
dimensional (rational) representation  over Fq , we de ne the Gauss sum G(; ; )
as:
()

G(; ; ) =

X

g2G

(det(g))(tr(g));

where det (g) is the determinant of (g) and tr(g) is the trace of (g).
Among other things, we were interested in nding explicit expressions for these
Gauss sums. When G is one of the nite classical groups and  is its natural
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representation, this has been done in the papers [6-11,14,15]. Also, when G is
G2 (q) and  is its 7-dimensional faithful representation, and G is GL(n; q) and 
is its adjoint representation, explicit expressions for () were found [16,18].
After seeing all these evidences, and restricting only to nite groups of Lie type
and their nite dimensional representations, K. Park was able to give conjectures
[see the introduction, and Chap. 3, 18] about the general nature of the explicit
expressions of (). Roughly speaking, it says the following. Let G = Gl be a
nite group of Lie type of rank l, and let T = Tl be a maximal torus of G. Then
the conjecture predicts that () is a polynomial in q with coecients involving the
Gauss sum restricted to T = Tl and its analogous sums associated with its subtori
of lower ranks Tm (m < l).
To give a feeling about the sum () to the reader, we state the result in the
case that G = Sp(2n; q) and  is its natural representation. Here Sp(2n; q) is the
symplectic group de ned by fg 2 GL(2n; q)jt gJ2n g = J2n g, where J2n is the 2n  2n
matrix given by


J2n = ,01 10n :
The sum

X

P (detg)(trg) is givenn by

g2Sp(2n;q)

(detg)(trg)

g2Sp(2n;q)

=q

 

Here nr

a

=

n + 1!
2

X
0rn
r even

qrn, 41 r2

n Y
r=2

r a j=1(q

2j ,1 , 1)K
GL(n,r;q)(; 1; 1):

rQ
,1 n,j
(q , 1)=(qr,j , 1), for integers n; r with 0  r  n, and
j =0

KGL(m;q)(; a; b) =

X

g2GL(m;q)

(atrg + btrg,1 ); for a; b 2 Fq :

Morever,

KGL(m;q)(; 1; 1) = q 12 (m,2)(m+1)

[(mX
+2)=2]

l=1

ql K (; 1; 1)m+2,2l

,1
X lY
k=1

(qjk ,2k , 1);

where the inner sum is over all integers j1 ; j2 ;    ; jl,1 satisfying 2l , 1  jl,1 
jl,2      j1  m + 1. Note here that the powers of Kloosterman sum K (; 1; 1)
are the sums relevant to the natural representation of G = Sp(2n; q) restricted to
various subtori of a maximal torus of Sp(2n; q). So our conjecture is true in this
case.
It would have been nice to have some applications of our result. Here we will
be content with just mentioning that one can nd a formula expressing the number of elements in Sp(2n; q) with a given trace [12] and that certain \generalized
Kloosterman sum over nonsingular matrices" can be determined even for certain
cases that both of the arguments are not zero [3,7].
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