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A SURVEY ON ELLIPTIC CURVES HAVING GOOD
REDUCTION EVERYWHERE
SOONHAK KWON
Abstract. An elliptic curve over a number eld K is said to have good reduc-

tion everywhere over K if it has good reduction for every nite place  of K .
We give a brief survey on the theory of elliptic curves having good reduction
everywhere over quadratic elds.

Introduction

A well known theorem of Tate states that there is no elliptic curve over Q with
good reduction everywhere. However there are many examples of elliptic curves
over quadratic elds having good reduction everywhere. For p
example, the following
curve given by Tate has good reduction everywhere over Q( 29).
y2 + xy + 2 y = x3 ;
p
where  = 5+2 29 and the discriminant  = ,10. As the discriminant shows, it is
a global minimal Weierstrass equation. It is also well known that, if a number eld
K is a principal ideal domain, then any elliptic curve over K has a global minimal
model. Let us brie y explain this. Let E be an elliptic curve over OK , the ring of
integers of a number eld K ,
E:
y2 + a1 xy + a3 y = x3 + a2 x2 + a4 x + a6 ;
where each ai is in OK . Let  be the discriminant of E . For every nite place 
of K , we may think of a change of coordinates,
x = u2 x + r ; y = u3 y + s u2 x + t ; u ; s ; t ; r 2 OK ;
such that the corresponding curve is a minimal Weierstrass equation at  , that is,
the discriminant  of new equation has the property that ord ( ) is minimal.
The minimal discriminant D of E over K is an integral ideal de ned as D =
 ( )
 pord
where p is the prime ideal associated to  and the product runs

through all nite places of K . >From the expression of a change of coordinates, one
12ord (u ) for every nite
has  = u12
  and it is clear that ()=D has the factor p
place  . Therefore there is an integral ideal I such that
() = DI 12 :
Above relation says that E is a global minimal Weierstrass equation if and only if
I = OK . If a number eld K is a PID, then I is principal, which implies that after
a change of coordinates, we have (0 ) = D where 0 is the new discriminant after
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the transformation. Thus E has a global minimal model when K is a PID. Suppose
that an elliptic curve over K has good reduction everywhere, then D = OK and we
have () = I 12 . Further assume that the class number of K is prime to 6, then
I should be a principal ideal and again after a change of coordinates, we have a
global minimal model for E over K . This is what Setzer showed in [10]. Namely,
(Setzer). If a number eld K has the class number prime to 6 and if an elliptic curve E over K has good reduction everywhere, then E has a global minimal
Weierstrass equation.
Good reduction over imaginary quadratic fields

Let k be an imaginary quadratic eld and let E be an elliptic curve over k. In
his article [14], Stroeker proved that if E has a global minimal model, then E has
bad reduction at  for at least one nite place  of k. The idea of Stroeker is quite
natural to follow. He considered an elliptic curve over k which is a global minimal
Weierstrass equation and noticed the relation
c34 , c26 = 26 33 ;
where  is the discriminant of E and c4 and c6 are expressed in terms of ai , the
coecients of E . (For the de nition of ci , refer any standard textbook on elliptic
curves.) If E has good reduction everywhere, then () = Ok and we have a
Diophantine equation,

c34 , c26 = 2633 ;  2 Ok :

Stroeker showed that above Diophantine equation does not have an integral solution
over Ok , which gives a contradiction. One crucial advantage in the case of imaginary
quadratic elds is the structure of the group of units pof k. It pis a nite group
consisting of roots of unity and except the cases k = Q( ,1); Q( ,3), it is f1g.
Therefore essentially one needs to solve c34 , c26 = 26 33 over quadratic elds. But
if one wants to apply the same technique to the case of real quadratic elds, one
encounters much diculties arising from the in nite cyclic group structure of units.
Stating Stroeker's result again,
(Stroeker). If an elliptic curve E over an imaginary quadratic eld k has good
reduction everywhere, then E does not have a global minimal model.
Combining above result with that of Setzer, we immediately get
(Setzer,Stroeker). If an imaginary quadratic eld k has the class number prime
to 6, then there is no elliptic curve over k having good reduction everywhere.
Above theorem explains the situation of good reduction over imaginary quadratic
elds in a modest way. However it should be mentioned that some elliptic curves
over certain imaginary quadratic eld k have good reduction everywhere. In fact
there are in nitely many such k. For example the following is known. (See [14].)
Theorem. let n be an integer prime to 6 and suppose that j satis es j 2 , 1728j 
n12 = 0. Then the elliptic curve
y2 + xy = x3 , j ,361728 x , j , 11728
has good reduction everywhere over the quadratic eld Q(j ).
For more examples, see [11].
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Much used notion here is so called admissible curves. An elliptic curve over k
is called admissible if it satis es the following two conditions,
1. it has good reduction everywhere.
2. it has a k-rational point of order two.
In addition if it admits a global minimal model, then the curve is called g-admissible.
Comalada [2], by solving some Diophantine equations
explicitly, showed that there
p
is an admissible elliptic curve over k = Q( m) (1 < m < 100) if and only if
m = 6; 7; 14; 22; 38; 41; 65; 77; 86. In addition he found all admissible curves up to
isomorphism for these values of m and made a table of them. The list of Comalada
has instant application, in other words, it can be used to prove nonexistence of
elliptic curve having good reduction everywhere over certain real quadratic eld.
As explained before, an admissible curve should satisfy two conditions, having good
reduction everywhere and existence of k-rational point of order two. Over some real
quadratic
elds, the rst condition automatically implies the second. Therefore if
k = Q(pm), m less than 100, is such eld, it should be in the list of quadratic
elds which Comalada found. If it is not in the list, the rst condition should not
be satis ed, which implies that, over such eld, there is no elliptic curve having
good reduction everywhere. Kida and Kagawa used this idea to prove nonexistence
of elliptic curve having good reduction everywhere over many real quadratic elds.
Let E be an elliptic curve having good reduction everywhere over real quadratic
eld k. If it does not have a k-rational point of order two, then we have a following
inclusions,
p
k  k( )  k(E [2]);
where the second inclusion is a cubic extension. Further if we assume that E has
a global minimal model (as is true when the class numberpof k is prime to 6.)
then  is a unit and we have limited choices of the eld k( ). By prescribing
p
certain conditions on the fundamental unit of k and the class number pof k( ),
Kida proved that if m = 2; 3; 5; 13; 17; 21; 47; 73; 94; 97, then over k = Q( m) every
elliptic curve having good reduction everywhere has a k-rational point of order two.
However those m are not in the list of Comalada. Therefore Kida have shown (see
[6] [8].)
(Kida). Over the quadratic elds k = Q(pm), where m = 2; 3; 5; 13; 17; 21; 47; 73; 94; 97,
there is no elliptic curve having good reduction everywhere.
p
Kida also proved that when m = 6; 7; 14; 41, every elliptic curve over k = Q( m)
having good reduction everywhere has a k-rational point of order two. But these
m do not appear in the list of Comalada, from which one can conclude that elliptic
curves what Comalada found in his table are actually all the curvesphaving good
reduction everywhere in the cases m = 6; 7; 14; 41. When k = Q( 37), by the
works of Kagawa and Kida [5] [7], we also have an information of all elliptic curves
having good reduction everywhere. (there are only two of them up to isomorphism
over k.) The cases when m = 6; 7; 14; 41 and 37 provide partial information for
the conjecture of Pinch relating so called Shimura's elliptic curves to elliptic curves
having good reduction everywhere over real quadratic elds. Let us explain this.
Let N be a prime congruent to 1 modp4 and let N be the Dirichlet character
associated to the quadratic eld k = Q( N ). De ne a map  as follows.
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where ,0 (N ) = f ac db 2 SL2 (Z) j c  0 mod N g. Let X0 = X0 (N ) be
the modular curve obtained from the compacti cation of H=,0 (N ) [ cusps and
J0 = J0 (N ) be the Jacobian of X0 . Letting , = ker , we de ne the modular
curve X corresponding to the congruence subgroup , and the Jacobian J in the
same way. By the work of Shimura, it is known that the abelian variety
J = coker (J0 ! J )
p
is of even dimension and de ned over Q. Furthermore it splits over k = Q( N )
as J = B  B  up to isogeny where  is the galois conjugation of k. Shimura
also showed that B has good reduction everywhere and B is isogenous to B  over
k. When J is of dimension two, B is an elliptic curve (which is usually
p called
). Pinch
Shimura's elliptic curve) having good reduction everywhere over Q( Np
[9] conjectured that if an elliptic curve over a real quadratic eld k = Q( N ) has
good reduction everywhere and is isogenous to its galois conjugate (i.e. Q-curve),
then it shoud be isogenous to Shimura's elliptic curve. When N = 29; 41 and 37,
this conjecture is known to be true. For example when N = 37, the abelian variety
 where
J is of dimension two and J = B37  B37
B37 : y2 , y = x3 + 3 2+ 1 x2 + 112+ 1 x;  = 6 ; j = 212 ;
p
and  = 6+ 37 is the fundamental unit. Since one can easily show that P0 = (0; 0)
is a point of order ve, there is a 5-isogeny between B37 and the following curve,
B37 =hP0 i : y2 , y = x3 + 3 2+ 1 x2 , 16692+ 139 x , 7(5449 + 451);
where  = 6 and j = 33763. Each of above
p curves is isomorphic to its galois conjugate and they are all the curves over Q( 37) having good reduction everywhere.
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