Trends in Mathematics
Information Center for Mathematical Sciences
Volume 4, Number 1, June 2001, Pages 26–30

DIVISIBILITY PROPERTIES OF CLASS NUMBERS
DONGHO BYEON

Abstract. Divisibility properties of class numbers is very important to know
the structure of ideal class groups of number fields. However, very little is
known. In this paper, we will survey the recent works on this subject, specially,
related to quadratic fields.

1. Introduction
Let K be a number field and ZK be the ring of integers of K. We say that
two fractional ideal I and J of K are equivalent if there exists α ∈ K ∗ such that
J = αI. The set of equivalence classes is called the class group of K and is denoted
Cl(K). Then the following theorem is well known.
Theorem 1.1. For any number field K, the class group Cl(K) is a finite Abelian
group.
The cardinality of class group Cl(K) is called the class number of K and is
denoted h(K). Note that h(K) = 1 if and only if ZK is a PID which in turn is if
and only if ZK is a UFD. Hence the class group is the obstruction to ZK being a
UFD.
From Theorem 1.1, we know that divisiblity properties of class numbers h(K) is
very important to know the structure of class groups Cl(K). However, very little
is known. In this paper, we will survey the recent works on this subject, specially,
related to quadratic number fields.
2. Imaginary quadratic fields
The following theorem on divisibility of class numbers of imaginary quadratic
fields is well known.
Theorem 2.1. (Ankeny and Chowla [1], Humbert [10], and Nagell [17]) For a
given positive integer g ≥ 3, there are infinitely many imaginary quadratic fields
whose class number is divisible by g.
Remark. A similar theorem for the case g = 2 is a classical work of Gauss and for
the case g = 3 was proved by Davenport and Heilbronn [7].
To prove this theorem, Ankeny and Chowla [1] used the following two lemmas.
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Lemma 2.2. ([1]) Let g be a positive even integer and d = 3g − x2 a square-free
g−1 21
positive integer such that 2|x and
√ 0 < x < (2 · 3 ) . Then the class number of
the imaginary quadratic field Q( −d) is divisible by g.
Lemma 2.3. ([1]) Let g be a sufficiently large positive even integer. Then
1 g
]{d = 3g − x2 in Lemma 2.2} ≥
32 .
25
Recently, M. R. Murty [16] extended Theorem 2.1 and by using the seive of
Eratosthenes, obtained following the first nontrivial estimate for the number of
such imaginary quadratic fields.
Theorem 2.4. (M. R. Murty [16]) Let g ≥ 3. The number of imaginary quadratic
fields whose absolute discriminant is ≤ x (x > 0) and whose class number is divisible
1
1
by g is >> x 2 + g .
For the complementary question, Chowla conjectured and Hartung [8] proved
that the following theorem.
Theorem 2.5. (Hartung [8]) For a given prime p ≥ 3, there are infinitely many
imaginary quadratic fields whose class number is not divisible by p.
To prove this theorem, Hartung [8] used Kronecker relation;
X
X
H(4n − s2 ) = 2
d,
s

√
d|n,d> n

where H(N ) (N ≡ 0, 3 (mod 4)) is the Hurwitz-Kronecker class number, i,e, the
class number of quadratic forms of discriminant −N .
After works by Bruinier [2], Byeon [3], Horie and Onishi [11] [12] [13], Jochonowitz [14] and Ono and Skinner [19] address various refinements and genralizations. Recently, Kohnen and Ono [15] applied Sturm’s work [20] on the congruence
of modular forms to an half integral weight modular form and obtained following
the first nontrivial estimate for the number of such imaginary quadratic fields.
Theorem 2.6. (Kohnen and Ono [15]) Let p > 3 be a prime. The number of
imaginary quadratic fields whose absolute √
discriminant is ≤ x (x > 0) and whose
x
class number is not divisible by p is >>p logx
.
3. Real quadratic fields
The following theorem is Theorem 2.1’s analogue for real quadratic fields.
Theorem 3.1. (Weinberger [21], Yamamoto [22]) For a given positive integer g ≥
3, there are infinitely many real quadratic fields whose class number is divisible by
g.
To prove this theorem, Yamamoto [22] used class field theory and Weinberger
[21] used similar method in Ankeny and Chowla’s proof [1]. But his proof is more
difficult because of the existence of fundamental units in real quadratic fields.
Recently, for the complementary question, by refining Ono’s idea [18], we obtained the following theorem.
Theorem 3.2. (Byeon [4]) Let p > 3 be a prime. The number of real quadratic
fields whose absolute discriminant
is ≤ x (x > 0) and whose class number is not
√
x
divisible by p is >>p logx .
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To prove this theorem, we proved the following two propositions.
Proposition 3.3.√([4]) Let D > 0 be the fundamental discriminant
√ of the real
quadratic field Q( D). Let Rp (D) denote the p-adic regulator of Q( D) and | · |p
denote the usual multiplicative p-adic valuation normalized so that |p|p = p1 . Let
p > 3 be prime and δ = −1 or 1.√If there is a fundamental discriminant D0 coprime
to p of a real quadratic field Q( D0 ) such that
D0
)=δ
(i) (
p
(ii) h(D0 ) 6≡ 0 mod p,
1
(iii) |Rp (D0 )|p = ,
p
then for each δ,
√
D
1
X
]{0 < D < X | h(D) 6≡ 0 (mod p), ( ) = δ, and |Rp (D)|p = } >>p
.
p
p
logX
Proposition 3.4. ([4]) Let p > 3 be prime and δ = −1 or 1. If δ = −1, then for
anypp ≡ 3 (mod 4), let D be the fundamental discriminant of the real quadratic field
Q( p2 − 1) and if δ = 1, then
p for any p, let D be the fundamental discriminant
of the real quadratic field Q( p2 + 4). Then for each δ, D satisfies the condition
in Theorem 1.3, i.e.,
D
(i) ( ) = δ
p
(ii) h(D) 6≡ 0 mod p,
1
(iii) |Rp (D)|p = .
p
To prove Proposition 3.3, we applied Sturm’s work [20] on the congruence of
modular forms to Cohen modular forms [5] whose Fourier coefficients are essentially
special values of Dirichlet L-series L(s, χD ) with the usualp
Kronecker character
p χD .
To prove Proposition 3.4, we used well known units in Q( p2 − 1) or Q( p2 + 4)
and Hua’s upper bound for L(1, χD ) [9].
4. Concluding Remarks
√
For imaginary quadratic fields
√Q( D) (D < 0), Cohen and Lenstra [6] predict
that the ”probability” p 6 | h(Q( D) is
∞
Y
1
(1 − i )
p
i=1
√
and the ”probability” p| h(Q( D) is
∞
Y
1
1−
(1 − i ).
p
i=1
√
For real quadratic
√ fields Q( D) (D > 0), they [6] conjectured that the ”probability” p 6 | h(Q( D) is
∞
Y
1
(1 − i )
p
i=2
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√
and the ”probability” p| h(Q( D) is
1−

∞
Y

(1 −

i=2

1
).
pi

Although extensive numerical evidence lends credence to these heuristics, apart
from the works of Davenport and Heilbronn [7] when p = 3, little has been proved.
Finally, we give a natural formulation of the concerned above problems for arbitrary number fields.
Divisibility (or indivisibility) problem of class numbers
Let S be an interesting infinite set of number fields K and p a prime.
Problem 1. Are there infinitely many number fields K in S, whose class number
h(K) is divisible by p (or is not divisible by p)?
Problem 2. If the answer of Problem 1 is yes, then how often such K appears
in S?
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